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Abstract

In this paper we consider decision making under hierarchical imprecise un-
certainty models and derive general algorithms to determine optimal actions.
Numerical examples illustrate the proposed methods.
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1 Introduction

Consider the basic model of decision theory: One has to choose an action from a
non-empty, finite set A = {ay, ...,a, } of possible actions. The consequences of ev-
ery action depend on the true, but unknown state of nature & € ® = {9,...,0,}.
The corresponding outcome is evaluated by the utility function

u: (Ax®)—R
(a,9) — u(a,?)

and by the associated random variable u(a) on (®,P0(®)) taking the values
u(a,9). Often it makes sense to study randomized actions, which can be under-
stood as a probability measure A = (Ag,...,A,) on (A, Po(A)). Then u(-) and u(-)
are extended to randomized actions by defining u(A,9) := Y7, u(as, O)As.

This model contains the essentials of every (formalized) decision situation
under uncertainty and is applied in a huge variety of disciplines. If the states
of nature are produced by a perfect random mechanism (e.g. an ideal lottery),
and the corresponding probability measure 7t(-) on ((®,Po(®))) is completely
known, the Bernoulli principle is nearly unanimously favored. One chooses that
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action A* which maximizes the expected utility Exu() := ¥ (u(A, 9;) - 7(9;))
among all A.

In most practical applications, however, the true state of nature can not be
understood as arising from an ideal random mechanism. And even if so, the cor-
responding probability distribution will be not known exactly. An efficient ap-
proach for solving this problem in the framework of imprecise probability theory
(Kuznetsov [13], Walley [18], Weichselberger [20]) has been proposed by Au-
gustin in [1, 2].

A related, quite commonly used, way to deal with complex uncertainty is to
apply second-order uncertainty models (hierarchical uncertainty models). These
models describe the uncertainty of a random quantity by means of two levels.
Many papers are devoted to the theoretical [4, 5, 11, 14, 19] and practical [7, 9, 12]
aspects of second-order uncertainty models. A comprehensive review of hierar-
chical models is given in [6] where it is argued that the most common hierarchical
model is the Bayesian one [3, 10, 21]. At the same time, the Bayesian hierarchical
model is unrealistic in applications where there is available only partial informa-
tion about the system behavior.

Most proposed second-order uncertainty models assume that there is a precise
second-order probability distribution (or possibility distribution). Unfortunately,
such information is often absent and making additional assumptions may lead to
wrong results. A new hierarchical uncertainty model for combining different types
of evidence was proposed by Utkin [15, 16], where the second-order probabilities
can be regarded as confidence weights and the first-order uncertainty is modelled
by lower and upper previsions of different gambles. We will call these hierarchical
models second-order probabilities of type 1.

It is worth noticing that there are cases when the type of the probability distri-
bution of the states of nature is known, for example, from their physical nature, but
parameters or a part of the parameters of the distribution are defined by experts.
In reality, there is some degree of our belief to each expert’s judgement whose
value is determined by experience and competence of the expert. Therefore, it is
necessary to take into account the available information about experts to obtain
more credible decisions. This model can be also considered in the framework of
hierarchical models and will be called second-order probabilities of type 2.

Decision making for both models of type 1 and type 2 are studied in the pa-
per. In particular, we give general and efficient algorithms for calculating optimal
actions and illustrate them in detailed examples.

One should note explicitly that throughout the paper we assume the utility
and the description of the uncertainty on the state of nature are given. Alterna-
tively, there are quite sophisticated approaches directly extending the Neumann-
Morgenstern point of view. They construct separated utility and imprecise prob-
ability from axioms on behaviour and preferences (see, e.g., the work of [8] and
the references therein).
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2 Second-Order Probabilities of Type 1

Suppose that there is a set of weighted expert judgements related to some mea-
sures of the states of nature E f; (ﬁj), i=1,...,r,1e., there are values b;, b; of lower
and upper previsions. Suppose that the credibility of each of r experts is charac-
terized by a subjective probability ¥; or interval of probabilities [y, ], i =1,...,r.
It should be noted that the second-order probabilities Y, and ¥; form an imprecise
probability, described by a set Al of distributions on the set M of all distribu-
tions T on (®,Po(®)). We assume that the second-order imprecise probability
is avoiding sure loss, i.e., A’ is not empty. Denote for any gamble f the lower
(upper) second-order expectations by LEN f (UEN ). respectively. Generally, the
judgements can be written as follows:

Pr{biSEnﬁSBi}E[Xia7i]a i:17...,r7 (1)

or
LE{?\[IBi (]ETCfl) :Xi’ UE{?\[IBi (]ETCfl) = ?i? i= 1u PRy 8

Here the set {b;, b;} contains the first-order previsions, B; = [b;, b;], the set {v. v}
contains the second-order probabilities and Ex f; = Y7 fi(9;)7(9;).

The problem here is that the resulting set of distributions may be rather com-
plex because the functions f; are different, especially, if the value of m is large.

2.1 Decision Making

Since there exists the set A/ of distributions on the set M of all distributions 7, the
expected utility Exu(A) can be considered as a random variable described by dis-
tributions from A\, and there exist lower “Eq (Egu(X)) and upper VEy (Ezu(}))
expectations of this random variable, which depend on the action A. These expec-
tations can be roughly called also by lower and upper “average” expected utilities.
With this respect, we can assert that every action is evaluated by its minimal “aver-
age” expected utility. By representing the interval [“Ey, (Equ(X)) Y Eg (Equ(A))]
by the lower interval limit alone, we can write the criterion of decision making.

Throughout the paper we evaluate interval-valued expectations by their lower
interval-limits only — more complex interval orderings are a topic of further re-
search, see also Section 4. Therefore, an action A* is optimal iff for all A

PEa (Eru(A)) > “Eg (Equ())). )

Then the optimal action A* can be obtained by maximizing “Eq (Ezu(1)) subject
to Y" Ay =1, A >0, s =1,...,n In other words, the following optimization
problem has to be solved:

LIEN (Ezu(A)) — max

S
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under the constraints

M=

As=1,A>0,5=1,....n.
1

Due to arguments similar to those used in [17], this problem can be rewritten as

LIEN (Egu(A¥)) = max {c—i— Z (Cka — d/ﬁk) } 3)
k=1

ceRcr Ry dreR4 ,}\.SER+

subject to

Z (ck — di) I, (Exfi) < Equ(A), “)

D=

As=1. )

s=1

By substituting the expressions for Er f; and Egu(A*) into the constraints, we get

+i(ck_dk)18k (ifk(ﬁj)n( ) i V), Vne M. (6)
k=1 = =

It is worth noticing that the maximal number of different expressions for the left
sides of the constraints (6) is 2" because they involve indicator functions. Let
us write a vector i = (iy,...,i;), ij € {0,1}, whose values correspond to those
situations. In accordance with possible values of the binary vector i, the set M
can be divided into 2" subsets M, ..., Mo- such that the i-th subset is formed by
the set of constraints

By, ix=1 |
]Enfke{ B -0 Jk=1,..,r 7)

Here Bj = [inf E fi, supEx fx]\By is the (relative) complement of the interval By.

Introduce the set K; C {1,...,r} corresponding to the set M; such that for
any T € M; and ke K there holds Ig, (Exfi) = 1, and for [ ¢ K there holds
Ip, (Eﬁfl )

Let Tt = (n(ﬁl), ...,;T(9y,)) be a probability distribution belonging to ;. It
should be noted that some elements from the set { M, j =1, ...,2"} may be empty,
i.e., there are no such distributions 7 that satisfy all constraints (7). This means
that the corresponding vector of indices i provides inconsistent judgements (7)
and corresponding constraints (4) must be removed from the list of 2" constraints.
Therefore, as the first step, it is necessary to determine the consistency of judge-
ments. The consistency of the set of constraints, corresponding to a realization of
the vector i, can be determined by solving a linear programming problem with
an arbitrary objective function and constraints (7). If any solution exists, then the
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feasible region is non-empty and there exists at least one probability distribution
T satisfying all constraints (7), i.e., M; # 0. Otherwise, M; = 0 and the corre-
sponding constraint (4) must be removed.

Let L C {1,...,2"} be a set of indices for all consistent constraints or all non-
empty sets. Suppose that T; € M; and T, € M; are two distributions from M;, j €
L, such that Ez u(A) > Eg,u()). Since ©y € M; and m, € M, then the constraint

c+ Z (cr—dp) < Enlu(k),
kEKj

follows from the constraint

c+ Z (Ck — dk) < Enzu(k),
kEKj

because the left sides of constraints are the same. This implies that from all con-
straints, corresponding to the set 4{;, we have to keep only one constraint

c+ (ck —di) < min Egu(A).
kg(j neM;

So, problem (3)-(5) becomes

,
L * _
Eq (Egzu(A)) = + —d 8
o (Ezu(AY)) T {c I;l(Cka k'Yk)} (®)
subject to
c+ Y (ck—dy) < min Equ(d), Vj €L, 9)
kGKj nEfM}'

D=

A= 1. (10)
s=1

Write G; = mingc g7 Exu(R), j € L. Then there holds

.
L * _
Ey (Ezu(A*)) = —d 11
N( TEU( )) CGR,Ck€R+,g:§§+,}LSGR+,Gj {C—i_kzl (Ckxk kYk) } ( )
subject to
c+ Y (e —di) <Gy, (12)
kGKj
n
Exu(A) > Gj, me M, VjeL, Y A =1 (13)
s=1

One can see that the variables Gy are linear for all k € L. This implies that the
optimization problem (11)-(13) is linear, but, in the way it is written, it contains
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infinitely many constraints. In order to overcome this difficulty, note, however,
that the set of distributions % for every j can be viewed as a simplex in a finite
dimensional space. According to some general results from linear programming
theory, an optimal solution to the above problem is achieved at extreme points of
the simplex, and the number of its extreme points is finite. This implies, similar
to the solution in the first-order decision problem [1, 2], that the infinite set of
constraints (13) is reduced to some finite number, and standard routines for linear
programming can be used to determine optimal actions. If one wants to concen-
trate on unrandomized actions (pure actions), where A, € {0,1}, then Boolean
optimization can be used.

2.2 Numerical Example

Suppose that 2 experts evaluate 3 states {1,2,3} of nature as follows: the proba-
bility that either the first state or the second one is true is less than 0.4; the mean
value of states is between 1 and 2. The belief to the first expert is 0.5. This means
that he (she) provides 50% of true judgements. The belief to the second expert
is between 0.3 and 1. This means that he (she) provides more than 30% of true
judgements. Values of the utility function u(ay,9;) are given in Table 1.

Table 1: Values of the utility function u(ay,9))
91 | B | O3
aq 6 3 1
a | 2 7 4

Table 2: Consistency of constraints

i set consistent
(1,1) Enl{m}(ﬁ) €10,0.4], Ex9 € [1,2] no
(1,0) Enl{l,z}(ﬁ) €1[0,0.4], Ex® € [2,3] yes
(0,1) | Enlfi2y(9) €[0.4,1], Exd € [1,2] yes
(0,0) Enl{l,z}(ﬁ) €1[0.4,1], Ex® € [2,3] yes

The above judgements can be written in the formal form as follows:
Pr{0 <Eglj; 5 (9) <04} =0.5, Pr{l <E;0<2}€[0.3,1].

Let us find the set L C {1,2,3,4}. It can be seen from Table 2 that L = {2,3,4}.
Let us find the optimal strategies A}, Aj. For doing so, it is necessary to find
extreme points for subsets Mo, Mz, M.



Utkin & Augustin: Decision Making with Second-Order Probabilities ~ 553

Subset 2:
{m; =0,1, =0,m13 =1}
{m; =0,1, =0.4,m13 =0.6}
{m1 =04,1, =0,13 =0.6}
Subset 3:
{m; =1,1, =0,713 =0}
{m1 =0,m1, = 1,13 =0}
{m; =0.5,1, =0,m13 = 0.5}
Subset 4:

{751 =0, =1,13= 0}
{m; =0.5,1, =0,m13 = 0.5}
{m; =0,1, =0.4,m13 = 0.6}
{751 = 0.4,752 = O,TC3 = 0.6}
So, the following optimization problem has to be considered:

LEN(Enu(k*)): max {c+0.5¢; —0.5d; +0.3¢; — lda}

X et
subjectto ¢; > 0,d; > 0,A; > 0,i=1,2,
c+1-(c1—di)+0:(c2—da) <Gy,
c+0:-(c1—di)+1:(c2—da) <Gs,
c+0-(c1 —d))+0-(c2—d2) < Gy,

(M +4A2) -1 > Gy,

(B +7X2)- 0.4+ (7\.1 +4X2)-0.6 > G2,
(6A1 +24;)-0.44 (A +44hy) - 0.6 > Go,
(6A1 +2A2) - 1 > Gs,

(BA1+7h2) - 1 > Gs,

(6A1 +24,)-0.54 (A +44hy) - 0.5 > Ga,
(B3M +7h2) - 1 > G,

(6A +2X,)-0.5+ (7\.1 +4X2)-0.5 > Gy,
(B +7A2)- 0.4+ (7\.1 +4X2)-0.6 > G,
(6A1 +24;)-0.44 (A +44hy) - 0.6 > Ga,

AM+A=1.

Solution of the problem: ¢ =3.143, G, = G3 =G4 =3.143,c1 =co =d; =
dr =0, =0.2857, A, = 0.7143.
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3 Second-Order Probabilities of Type 2

Suppose that the states of nature are described by a discrete probability distribu-
tion of a certain type, for example, binomial, hypergeometric or Poisson distri-
butions. The certain type of the distribution is often known from some physical
properties of the considered object. However, the parameters of the corresponding
distribution may be uncertain. Denote by o = (aly, ..., o) a vector of parameters
for some discrete distribution (9, ). Consider a case of continuous real param-
eters, i.e., o; € R. If we suppose that the experts provide some evidence about
parameters, then the vector o can be considered, just as in classical Bayesian
statistics, as a random variable. This is due to the following reasons: First, experts
may provide some information about statistical characteristics of parameters, for
example, about intervals of mean values or about some probability that the i-
th parameter is in an interval. Second, even if experts provide only information
about intervals of possible values of parameters, we can not totally believe in the
experts because they may be unreliable. This implies that every expert is charac-
terized by a probability or by an interval-valued probability of producing correct
judgements. Generally, if we suppose that the vector of parameters is governed
by some unknown joint density p, then the expert judgements can be formally
written as follows:

¥, S Epfij(0) STy i =L, j= 1, (14)

Here r; is a number of judgements related to i-th parameter; f;; is a function
corresponding to information about the i-th parameter provided by the j-th expert.
For example, if an expert offers information about the probability that the i-th
parameter is in an interval B, then f;; (o) is the indicator function of the event B,
ie., fij(oi) = Ig(;). If the expert provides the mean value of the i-th parameter,
then there holds f;;(e;) = a;. The values Y and;; are the bounds for the provided

characteristic E, f;;(0;) of the i-th parameter!.

3.1 Decision Making

We assume that there are some bounds for all parameters [, @;], i = 1,..., . This
means that the i-th parameter belongs to the interval [a;, ;] with probability 1.
Inside this interval, the parameter is distributed according to an unknown proba-
bility density p;.

So, we have some infinite set of discrete probability distributions m(¥;, o)
defined by different parameters. Then the expected utility corresponding to one

!For simplicity, it is assumed that either experts with weights provide intervals for unknown pa-
rameters or experts without weights provide some statistical characteristics of random parameters. Of
course, we could consider more complex cases when experts with weights provide statistical charac-
teristics of random parameters, but the study of these, so-to-say third-order level, cases may hide the
main results behind complex notation.
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realization of the vector o is

Eru(), o) :Z n(d;,0)).

By averaging the expected utilities Ezu(A, ) over all possible vectors o, we get

Jj=1

EpEau(ho) = [ (i (u(h,8) -n(ﬂj,oo)) p(o)da.

Here Q' is a sample space and Q" = [0, 0] X ... X [0y, 0]

Now we define an optimal action. An action A* is optimal iff
LRy (Bru(M, o)) > LEp (Ezu(,@0)). (15)
Here 2 is a set of all possible density functions p(a) satisfying the constraints

'_Yij < Epﬁj(Oﬂ,‘) Svijv i=1,.,h j=1,..,1;
or

Y, < f,j(oc,) i(ou)doy <75, i=1,..,h, j=1,...,r.

Then the optlmal action A* can be obtained by maximizing “Ep (Ezu(), o))
subjectto Y7 Ay =1,A; >0, s=1,...,n. In other words, the following optimiza-
tion problem has to be solved:

LEp (Bru(l, o)) — max (16)

S

under the constraints

n
Y A=1,0>0,s=1.n (17)
s=1
If we assume that there is no information about independence of parameters, i.e.,
the joint density p(ot) can not be represented as a product of marginal ones, then
problem (16)-(17) can be rewritten as

LEp (Eru(M, ) = max {c—i— f

CGR,ij eRy vdkj eRy ,}\.S

(e, —dk,,-vk,)} (18)

subject to

I Mw

s
Z crj—dij) fij(04) < Egu(d, ), Yoo € Q" (19)

Y A=1,02>0. (20)

s=1
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This is a linear programming problem having an infinite number of con-
straints. However, for many special cases problem (18)-(20) can be simplified. Let
us consider the most important and realistic case when experts provide 4 intervals
By, ..., B, for unknown parameters and each expert is characterized by some prob-
ability y;; or interval-valued probability [Xij’7i j]. Moreover, in order to give the

reader the essence of the subject analyzed and make all the formulas more read-
able, we will also assume that 2 =1 and o. = (@), i.e., there is only one parameter
of the distribution w(%;, ). We also denote r; by r. In other words, constraints
(14) are represented as

o
v, < [l (p(@da <7, = 1r @

Then problem (18)-(20) can be rewritten as

L * - =
Ep (Egu(A*, ) = —d 22
* ( nu( ’ )) CGR,CkEIH‘éiagzkER+,}LS {c + k;l (Ckxk kYk) } ( )
subject to
Z Ck - dk IBk ) S Enu(xu (X), Yo € [gu GL (23)
Y A=1,02>0. (24)
s=1

Denote i = (iy,...,ir), ij € {0,1}. In accordance with possible values of the
binary vector i, the interval B = [0, &] of all values o can be divided into 2" subin-
tervals B), ..., B(?") such that the i-th subinterval is formed by

o _J B, k=1
1) __ I -
? _kml{ By, ix=0 "~ =

Let L C {1,...,2"} be a set of indices for all non-empty subintervals B{/) = 0.
Then from all constraints corresponding to the subinterval B/), we have to keep
only one constraint

,
Z ck —di) ix < min Equ(A, o).
k=1 aeBl)
So, problem (22)-(24) becomes
r
LEp (Exu(\*, ) = max c+Y (ckyk - dﬁk) (26)
k=1

ceRcr Ry dreR4 ,}\.S
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subject to
p
Z ¢k —di) iy < min Epu(A, ), Vi 27
=1 acBl)
Zx =1, A >0. (28)

s=1

Let us introduce the variable G; = min,_p) Egu(A, ). Then problem (26)-
(28) can be rewritten as

.
L * Y
Ep (Ezu(A*, ) = —d 29
?( 75“( )) ceR,ckeRTgkxeRJF,M,Gj {C + k;l (Ckxk kYk) } ( )
subject to
r
Z ek —dy)ix < Gj, Vi, (30)
Equ(A, ) > G;, Yo € BY), Vi, (31)
n
Y u=1,A2>0. (32)

s=1

In this case, we obtain the linear programming problem with infinite number
of constraints. However, if it is known that the function Ezu(A,0) is monotone
with o, then it is sufficient to consider only boundary points of intervals BU).
Constraints (31) can be written as

§
E(L

Hence it is obvious that the constraints are linear with A;.

T
(ngE

(u(as, Bj)As) 'n(ﬁj)> <Gj,

Il
—

or

u Ms

u(as,® )n(ﬁ,))) As < Gj.

3.2 Numerical Example

Suppose that 3 states {1,2,3} of nature are governed by the binomial distribution

31\ 4
n(Y),0) = <j— 1)oc-’l(l—oc)3/1, j=1,2,3.

Two experts provide their judgements about the parameter o € [0, 1] as follows:
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1. the parameter o is in interval [0.8,1];
2. the parameter o is in interval [0.7,1].

The belief in the correctness of the first expert is 0.5. The belief in the sec-
ond expert is between 0.3 and 1 (see Section 2.2). The above judgements can be
written in the formal form as follows:

1 1
| Tosa(@plodan=05. [ 171 (@ploydoe 0.3,1).

Let us find the set L C {1,2,3,4}.

i intervals non-empty
(1,1) | [0.8,1]N[0.7,1] yes
(1,0) | [0.8,1]N[0,0.7 no
(0,1) | [0,0.8]N[0.7,1 yes
(0,0) | [0,0.8]N[0,0.7] yes

Table 3: Intersections of intervals

It can be seen from Table 3 that L = {1,3,4}.
Let us find A;, A,. In this case, there holds

LEp (Bru(l, ) = max {c+0.5¢; —0.5d; +0.3¢, — 1dy}

CGR,Ck€R+,dk€R+,}LS,Gj
subject to
c+l-(c1—d)+1-(c2—do) <Gy,
c+0-(c1—d1)+1-(c2—da) <Gs,
c+0-(c1 —d1)+0-(c2—da) < Ga,
(0 — 60+ 6) A1 + (100 — 8o +2) A2 > Gy, o € [0.8,1],
(0% — 60+ 6) Ay + (100 — 8 +2) Ay > G, & € [0.7,0.8],
(0% — 60+ 6) Ay + (100 — 80 +2) Az > G3, & € [0,0.7],
M+A=1,A >0,A >0.
By solving this problem approximately (for a finite number of values of o), we

get c = 3.636, G1 = 2.773, G3 = G4 = 3.636, Cl =C = dz = 0, dl = 0.864,
A1 =0.409, 1, = 0.591.

4 Concluding Remarks

Two models of decision making based on different types of initial hierarchical
information about states of nature have been studied in the paper. We have shown
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that both models can be brought into a form which allows us to give general
algorithms to determine optimal solutions.

It should be noted that we have focused in this paper on the basic decision
problem. However, the fundamental ideas of this paper should be also applicable
to more complex decision problems, like multi-criteria decision making and data-
based decision problems. Another topic of furhter research is to extend the results
obtained here to other optimality criteria which are more sophisticated than the
criteria from (2) and (15), which take into account only the lower interval limits.
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