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Abstract. During the MaxEnt 2002 workshopin Moscow, Idaho, Tony Vignaux asked againa
few simplequestionsaboutusingMaximum Entropy or Bayesianapproache$or the famousDice
problemswhich have beenanalyzedmary timesthroughthis workshopandalsoin otherplaces.
Here thereis anothemnalysisof theseproblems| hopethat,this papemwill answerafew questions
of Tony and other participantsof the workshopon the situationswherewe can use Maximum
Entropy or Bayesiarapproachesr eventhe casesvherewe canactuallyuseboth of them.

INTRODUCTION

Dice problemshave beenanalyzedmary times(Seemainly Ed. Jaynegaperd1, 2, 3, 4]
andalso[5, 6, 7, 8, 9]), but it seemghatstill mary questionsareopen.In this note, |
will try to answersomeof them. Before starting,we needto setup precisenotations
anddescribepreciselythe context. Let consideranimaginarydie with K faces(K =6
is the ordinary die), where on eachfacethereis a number We note thesenumbers
g =[g1,---,9x]- K is the numberof elementarystatesand commonly K’ = K and
gr, = k, but we may alsoconsiderthe casesvhereg, areary othernumbergintegeror
real) distinctor not. Let represenby X thevariablecorrespondingo facenumberand
by G the variablecorrespondingo the numberwritten on the faces.So, X may take
values{1,..., K} andG cantake values{gi, ..., gk’ }. Then,we candefineP(X = k)
andP(G = gy). If theg, aredistinctnumbersj.e.,, K = K', they areequalP(X = k) =
P(G = gi) = 0, butnotethatE{ X } =", k0, # E{G} =", gxbk. If g, isamonotone
functionof £, thenit is easyto relateE{ X } to E{G}, but it maynotalwaysbethecase.
Note also that, in mary dice problems,the main hypothesisis that they are fair.
Thenassigningthe probability distributionsbecomea combinatorialcomputation For
example,supposewve throw two dice andcountthe sumsS' of the two facesnumbers.
We wantto assignthe probabilitiesp; = P(S = s;). First, we assumey, = k£ andnote
thatS cantake thevaluesin thesetQ = {2,3,...,12} and|Q| = 11. We mustbe careful
herebecaus¢heeventS = s; canoccurg(s;) = 6 — |7 — s;| times.For example,S = 2
occursonetime E; = {(1,1)}, but S =5 occursStime E; = {(1,4),(2,3),(3,2),(4,1)}.
Now, usingthe basicprinciple of equalweight of statisticalmechanicsor insuficient
reasonof Laplace,we assignp; = P(S = s;) o« |E;| which givesp; = P(S = s,) =

a(s7)/ 1 als)).

1 Draft versionof Septembef8,2002.All commentsandcorrectionswill bewelcome.



In amoregeneralcase we may have L diceandmaywantto definethe eventssuch
thatEj = {(X1 =T1,... ,XL = $L)} or Ej = {(Xl =T1,.-.. ,XL = .Z'L) : lel = Sj}
andassignthemprobabilities.We may alsoconsiderthe casewherewe throughL dice
simultaneouslyN timeswhich is not the sameasthrowing N dice simultaneously
times, except the casewherethe dice are identical. We may also considerthe cases
wherethe numberof throwing thedice aredifferent,i.e.,, thedicel hasbeenthrown N,
times.

In someotheranalysis,we may not know if the die is loadedor not. This may be
oneof thequestionto be answeredTo beableto answerto a questionwe may needto
gatherrelevantdata.Thesedatamay be of differentform andthus,aswe will seein the
following, theway to usethemto answerto a questionmay alsodiffer.

Beforegatheringary data,we maydefinethequestiorto beansweredior example if
we wantto know if thedie is loadedor not, we maybeinterestedo infer aboutf. Also,
beforegatheringarny data,we may make hypothesesandwe may be ableto translate
the knowledgecontainedn thesehypothesedy ana priori probability law 7(8). For
example we mayassumehatthedieis notloadedandassumé; =60, =... =0x =1/K
or choosea uniform prior for 7(@) over the set{@ : 6, € [0,1]&)_, 6, = 1}. Note
that, even if they translatethe samecommonly speakinghypothesismathematically
speakingthey arenotexactlythesame TheformersaysP (>, 0 # 1) = 0 and P (6, #
O,k#1)=0andP(a < by <b)=(b—a), V1>b>a>0.

We mayalsobeableto associata lik elihoodfunction P(D|) to thedatato represent
theamountof knowledgeaboutthe unknovn parametersontainedn the data.We will
seehoweverthatthis maynotbeeasyin somecases.

The questiongnayalsobedifferent:We maywantto know if thedieis loadedor not
or we maywantto know whatis the probability thatthe next facebethefacek, or still,
whatarethe numberswritten onthefacesof thedie.

Let startby a simpleandeasyproblemwhich, hereafter, we call Problem1.

PROBLEM 1

We have obseredthecompletedatax = [z, ...,z y] andwe know thenumberof states
K (numberof faces).Thequestionis to estimated = [04,...,0x]| wheref, = P(X = k)
is the probability of theeventfacek up.

Hereis a Matlab programwhich simulateghis datageneration:

K=6;N=100;x=round((K-1)*rand (N,1) )+1;

andthefollowing is anexample(an N sample)of this dataset:
72717674727472’372727672727]‘767
37 37 47 37 1’ 3’ 3’ 5’37 3’ 27 57 57 37 4’ 4’
1,6].

Note that, if we re-run againthe program,we obtain a different data set. Here is

375747212’4’4’4’376’6747 57215’3’5’2’57 ]"
4,1,2,4,4,5,4 1,5,2,

bl



theresultsof asecondun:

x=16,2,4,3,5,5,3,1,5,3,4,5,6,5,2,3,6,6,3,5,1,3,5,1,2,2,2,4,2,2,1,5,3,6,3,3,
5’4’274’55 ]"4’375’4’5’3’372’254’3’472’4’3’5’574’355’5’475’4’3’2’374’553’5’473’
5,4,3,4,4,5,6,4,5,2,6,2,2,5,5,2,1,5,2,2,4,2,3,1,6].

Thesetwo datasetscanrepresentwo differentexperiencesisingthe samedie.
Let noteby n, the numberof timesthe facek hasbeenshowvn up n, = #(X = k).
Thenwe have ), n, = N. Hereis a Matlab programwhich computeghesenumbers:

nk=zeros(K,1);

for k=1:6
nk(k)=sum(x==Kk);

end

andherearetheresultsfor thetwo above datasets:

Datasetl: mn =[13,17,17,21,19,13] and
Dataset2: n =[07,19,21,20,25,08].

Now, let startby askingaboutthevaluesof 6. If all thed, arethesamevalue,we can
saythatthedieis notloaded,but if they aretoo differentfrom eachother we may say
thatthedieis loaded.

A wise mancansay:This is aneasyproblem.If eachtrial hasbeendoneidentically
andindependentlythenit is reasonabl¢o estimateeachdy, by 6, = n,/N andno need
for more complex mathematicsBut if we ask: How confidentor (how sure)are you
aboutthesevalues™e maysay:hum... let usethe probabilitytheory

Let assumdo know K andwe have givenx (andthuswe now N) andassumehat
the die hasbeenthrown alwaysin the samemannerandindependentlyHerethen,we
canwrite thecompletelik elihoodfunction

P(x|6) = [ [ O 0 (1—0;) V. (1)
k

Notethatin theright handsideof this expressiong is presenthroughn, andwe can
write P(xz|0) = P(n|0).
Thenthelikelihood£(8) = P(x|@) andwe have

InL£(0) = [nkInby + (N —ng)In(1—06;)] +c (2)

wherec = )", InC}* doesnotdependoné.

Knowing thateachparamete#),, € [0,1], we canchoosea uniform prior 7 () = 1 on
thisinterval. However, we know that _, 6, = 1, thenwe candefinetheseto = {8 : 6, €
[0,1]& ", 0 = 1} andthusdefineauniform prior onthissetr (@) = 1, V8 € © andzero



elsavhere,andthusobtainthe a posteriorilaw

(0|z) = = [[C o (1= ¥, @3)

m(@)  m@) L,

whichis definedonthesameset®© andwherem(x) is themaminal or evidencefunction:

m(x) = /@ £(0)7(0)do = /@ a8 [ 07+ (1 — ). ()

Thus,we have

Inw(0|@) =) [nInby+ (N —ng) In(1 - 6;)] — Inm(z) (5)
k

Now, if weareonly interestedy thevalueof §MAP which hasthehighestprobability;
we cancomputet by puttingthe derivative of In(8|x) with respecto eachparameter
6, to obtain

Nk N—nk g —N@k “MAP Nk
In7(6|a) /060, = & — - — 0 AP _ Ik 6
Onm(8l2)/00n = 5" —T—¢ =6y N (©)

Thereis only onepossiblesolutionto this equationandthereis notany ambiguity Here
Is theresultsfor thetwo above datasets:

~MAP
Datasetl: 6 =[0.1300,0.1700,0.1700,0.2100,0.1900,0.1300] and

~MA
Dataset2: 8 =1[0.0700,0.1900,0.2100,0.2000,0.2500, 0.0800].
But, we mustbecarefulhereontheinterpretationshatwe cangive to thesenumerical
values We maywantto answerthe following questions:

+ Do thesetwo datasetscomefrom the samedie?

+ Isthisdieloaded?

« Whatis theprobability of seeingfacek up basednthedatasetl or thedataset2?

« If I throw thisdie 100 timesagain,whatwill bethe numberof timesl will seeface
k up?

We have still toomuchto do beforebeingableto give correctanswerdo theseguestions.

PROBLEM 2

Assumenow that,in placeof x, we have only accesgo the datan = (n4,...,nx) and
know the valuesof K and N (or if we knew that ), n, = N). It is easyto seethat
we obtain exactly the sameresult, becausen, K, 3"~ n, = N) defineperfectly the
likelihoodandform sufficient statisticsaboutthis problem.



Note however that, in both casesthe likelihood £(8) is not definedfor 6, = 0 and
6, = 1 andconsequentlythe posteriompdf 7 (€|n) maynotbeaproperpdf. We aregoing
to analyzeproperlythis point.

First, noting that the likelihood function in previous section£(8) = [[,!(fx) and
7w(0) = [[,7(0x), we alsohave 7(0|z) = [[, 7(0k|z) = [, 7(0k|nx). Thus,we can
work hereafteronly with the functionsi(6), 7(6), 7(8|z) andm(x) which is given by
[10, 11]

1
m(z) = / 7(0)C% 6% (1—0)N 9 dg. 7)
0
With auniform prior 7(6) = 1 we have
1
m(z) = / C%6"(1—0) N2 dd = B(z, N — ) (8)
0

whereB(a, 8) is the Betaprobability densityfunction (pdf)
1

f(:v|a,ﬁ) = B(a ﬁ)xa_l(l _m)(ﬂ_l) (9)
whichis definedfor « > 0, § > 0 andz € [0,1] andwhere
1
B(a, B) :/ 221 (1—2)P Vg (10)
0
andwe have:
_a—1 o« . af
mode[x}_iajLﬂ_Q, E{x}_—a+ﬁ and Var{z} = a1 Bar BT 1)

Consequentlythe posteriorlaw, whoseexpressionis 7(f|n) = B(n —1,N —1 —n)
or equivalently 7 (6x|ny) = B(ng —1,N — 1 —ny), is only boundedf N —1 > ny > 1.
TheMAP estimator®}4” = %=2 do notexistif ny <1 orif n, > N —1 andif N < 4.
The posteriormeanestimators?,f M — ’;v’c—:; exist if N > 2 andthe posteriorvariances

Var{6}, = GRS existif N > 2. Note alsothatwhenn,, = 1 the correspond
meanestimatoris 4, = 0 andwhenn, = N — 2 thecorrespondneanestimatolis 6, = 1.
This shavs akind of negative biasof the estimatortowardé, = 0 andéd, = 1 (SeeTable
1).

Onemaywantsto have a properposteriofaw 7 (8|n) for thewholerangeof possible
valuesof the parameter$;, € [0, 1] andthedatan, = [0,1,..., N|. Thiscanbedonevia
otherchoicesfor the prior law. In thetwo previous casesye choosea uniform a priori
for 8. Someauthorsarguedthatthis choiceis too biasedagainstextremevalues) and

1 andproposedo use
m(0k) = [6k(1—0x)] " =0, (1—0;) " (11)

Note alsothat, againwith this prior, the normalizationfactoror the evidencefunction



m(z) is givenby
m(z) = / 00— 01 €% 0% (1 — )Y o = Bl N — 1) (12)

whichresultto 7(8|n) = B(n, N —n) whichis boundedf N > n; > 1 (SeeTablel).
To eliminatethis problem,onecanchoose

(k) = 0 (1 —6,)" (13)
which resultsto

1
m(z) = / 0 t(1-0)"tCr*(1-0) ¥ 2dd =B(x+a, N+b—2z) (14)
0

whichresultto 7(8|n) = B(n + a, N +b—n) whichis boundedf N —b > n; > 1 —a.
Then,themeanvaluesty, = (n +a)/(N + b+ a) have thelimit valuef, = n,/N when
a = b+— 0. Thefollowing Tablesummarizeshesepoints.

| a>0| >0 | «a+p | mode | mean | variance |
7r(9k):1, W(Hk\nk):B(nk—l,N—nk—l)
nE—2 ng—1 ng—1)(N—ngp—1
ng—1 | N—ng—1} N-—2 N1 N2 ( (kN7)2()2(kal) :
ng > 0,

ng>1, | ng >0,

ng>1ny<N—1 N>2 ng < N,
N>4 | N>2 N>9
m(0) =0, (1—0)"Y, 7(0k|ng) = B(np+1,N —ny)
n ne+1 ng+1)(N—n
ne+1| N—ng N+1 b ] 7(;;“))(2(“;%
ng 201
> >
ng >0 ng <N N>0 %;2’ %;%’ ng <N,
- N>0
m(0k) =0p "1 —0)""",  7(O|rk) = Bl +a,N +b—ny)
ngta—1 ngta (ng+a)(N—ng+b)
mgta | N—ng+b | N+a+b Netatb—3 | Neiatb (N+Z+b)2(N+:+b+1)
U 201
m>0| m<N | N0 | 20 TEZDI g <N,
- N>0

Note alsothat, whenwe have the expressiorof the a posteriorilaw 7(8|n), we may
defineotherestimatorghanthe MAP or the posteriormean(PM). We may alsoanswer
the questionf type P(a < 6y, < b).

Note however that, all thesecomputednumbersdependon the dataand our prior
knowledgewe included.For ary otherdatasetwe obtainothernumbersOnemaywant
to studythe sensitvity of the solutionto a kind of variability of data.This canbe done
by Monte Carlosimulationsor by repeatinghe experiencebut very oftenthis maynot
bepossible).



Also, in generalthe numberof dataor, more precisely the contrastbetweenthe
numberof dataandthe numberof parametersis a crucial parameterOne may want
to know the corvergenceof the solutionto the hypotheticalcasewherethe numberof
datagoesto infinity.

Now, let seeif we cananswersomeof the questionsattheendof thelastsection.

« Whatis the probability of seeingfacek up basednthedatasetl or thedataset2?
For eachdataset,we cangive thefollowing answers:
— Themostprobablevaluesof 6, aredM AP = [zxzzzzra], Or
— Themeanvaluesof 6, aref'” = [zxzzzzzx], OF
— Thevariancevaluesof 0, arevy = [zxzzzxzz], or still
— Thelower valuesa, anduppervaluesb,, for which the probabilitiesP(a; <
O < by) = .9 areay, = [zrzxzrzxz] andby = [zrxrxrrrr).
+ Do thesetwo datasetscomefrom the samedie?
We cantry to answerthis questionby comparingthe probability laws 7 (6 |x;),
o (O |x2) andm (0 |1, x2). Buthow to dothiscomparison®e maytry to compute
therelative entrogy

(O |21) m2 Ok |2)

dé 15
7r(9k|:c1,a:2) k ( )

Vs
KL(mymy;m) = / 71 (O] @1 ) 2 (05 |2) In —

If this valueis nearto zero,this meanghatthe two datasetscomesfrom different
dice.

« Isthisdieloaded?
We can answerthis questionby computingthe probabilitiesof two hypotheses

H, = (91 =f0y=...= QK) andH() = (Gk # Hl), i.e., P(H1|m) andP(H0|m)
P(z) = [] / A0 (0) = 0)z1) (16)
k
0| / / 1;[ k| T

« If | throw this die N’ = 100 timesagain,whatwill be the numberof times| will
seethefacek up?
To answelto this questiontherearetwo methods: R
i) Usethedatasetx = {n, N, K} to computer(6|z) andestimated by oneof the

previousmethodqMAP, PM, ...) andthencomputeP(n’|5,N’ =100, K).



ii) Try to find theexpressiorof P(n'|n, N, K, N') by following

P(n|,N,K) = [[Crop (1—6,)N ™
k

P(n'|6,N",K) = [[Cw: 05 (1—0,)N "
k
P(n.n'|6,N.K,N') = JJCRk ™ (1 )"+ re
k

P(n'|n,0,N,K,N') = P(n,n'|6,N,K,N")/P(n/|8,N',K)

andthenintegrateout @ to obtain P(n'|n, N, K, N').

PROBLEM 3

Now, considerthe casewhere,the obsenrer hasgivento usonly a subset(n,,...,nk)

of thewhole datan = (n4,...,nx) with K’ < K. (He just hasforgottento countand
reportthenumbers{n,,k = K'+1,..., K}, butheis surethattheuseddie hasK faces.
In this casewe canonly obtainanexpressiorfor thelik elihoodfunctionif we know the

total numberof the obserationsN = K n, > N’ ="K n, whichis

KI
P(x(6) o [ [ 05* (1 0)™ ™. (18)

k=1

Notethatthislikelihoodexpressiordoesnot dependon the parameters
{0k, k= K'+1,...,K}. Thus,the maximumlikelihood (ML) estimationapproachis
unableto proposeary valuesfor them,while the Bayesianapproachandin particular
the MAP estimationcanproposea solutionwhich depend®nthechoiceof a priori. For
example,with auniform prior, we have:

. k=1, K
Oh=3 W-N) 4 _griq . K (19)

wherethefirst row is commonwith ML andthe secondow is dueto the uniform prior
andthenormalization.

It is importantto notethat,while in thetwo previouscasestheprior law 7 (6) hasless
importantrole, herethe classicalML approachcannotgive ary answerto the problem
andtherole of prior informationis crucial.



PROBLEM 4

Anotherinterestingcaseis theonewherewe do notknow the numberof stateqfacesof
thedie). For example,we have obsenedthefollowing data:

a::[4,2,2,2,1,*,4,*,1,4,3,3,*,*,4,*,*,4,4,1,1,2 1,%,4,2,4,2,3,2,2,%,2,2,1,
k0, k% 3,%,4,2,2.4.4.4 3, %, %, 4, %,2,%, 3, %,2 4,3,1,3,3,%,3,3,2,
*, 2

) ) M) bl ) ) M) bl ) ’*’1’3’3’
*,%,.3,4,4,3,3,3,4,1,2,4,4, %, 4, %, % % %,k k%, 1,1,4, 1, %, ,1,*]

where x may mean anything else greater than 4 or do not know Note that these
two casegaredifferent.In thefollowing, we first considetthefirst casewhichis, in fact,
very closeto the Problem3 in previous section,becauseve know exactly the n,, for

k=1,...,K' but we do notknow othern;, £k > K’ nor thethe truevalueof K > K’

itself. However, N is given.We canonly give anexpressiorfor thelik elihoodif we fix

the valueof K. Then,we canconsiderkK = 5,6,7,... andfor eachcasecomputethe
resultsusing(??):

For K =5 we obtain:0 = [0.1300,0.1700,0.1700,0.2100,0.03200]

For K = 6 we obtain:@ = [0.1300,0.1700,0.1700,0.2100,0.01600,0.01600]

For K =7 we obtain:0 = [0.1300,0.1700,0.1700,0.2100,0.01067,,0.01067,0.01067]
andsoon.

A difficult questionremains:How to fixe K? We maytry to comparer (8|x, K) for
differentvaluesof K throughtheir entropies.We may also choosea prior for it and
computer (6, K |x) or still integrateout to obtainm (K |2) from whichwe canestimate
K.

The casewhere,the x in the datameansdo not knowis morecomple. If atleastwe
know K, thenit maystill be possibleto write the expressiorof thelikelihood.Let note
the truevaluesof ny, by Nv;. Then,we know that Nv, =€ [ng,ng +n.), k=1,..., K’

andNy, =€ [0,n.], k= K',..., K withn, = N — Zszllnk. Then,we maywrite

K’ K
P(w|0”j> Ka KI) = chk_n* 0]767/1(: (1 — ek)Nin*ink HCZ& eivuk (1 _ ek)n*fNUk
k=1 k=1

or

K
P(z|0,v,K) = J[Cx"™ 05" (1—0)" M

k=1

We canthentry to integrateout @ from this expressiorto obtain P(x|v, K) or integrate
outwv to obtain P(x|0, K). But, whatto doif we donotknow K? Canwe alsointegrate
out K by summingover all valuesof K?



Anotherquestionthatmay arisein this problemandthe previousones,is to estimate
the frequencies/, = ny/N which is not exactly the sameguestionof estimatingdy. In
thefollowing, we considetrthis problem.

Firstconsideithe caseof completedata{n, N, K'} of problemsl and2. We maynote
that,if we assumehatthedie is fair, theknowledgeof the pastexperiencg{n, N, K })
doesnot changearnything ontheresultsof thefuture experienceBut, if we do notknow
if the die is loaded,then from the pastexperience we can estimatef® anduseit to
computethe probability of observingary event.

Thesituationbecomesnorecomplexeif we donotknow K or N or if somedataare
missingasis the casein problems3 or 4, or moregenerallythe casesvherewe cannot
write easilythe exactexpressiorof thelik elihood.

Let considertheincompletedataproblem4 wherewe know N, n, andn,, but we do
notknow K andassumehatthe = area priori distributeduniformly betweenl and K
(or betweenK’ and K') andcomputethe numbersi, = (ny +n./K)/N (or d, = (ng +
n./(K — K'))/N). We canthensaythatthesecomputedi,, aregoodapproximationgo
thetrueunobseredv,. The questionis how to modelthis approximation.Two models
canthenbeused:

i) Assumed, asthemeanvaluesof theunknaown frequencies

drp = E{v} = /ukp(uk) dv, (20)
or
i) Assumeeachd,, to bethe sumof thetruer, andarandomerrore:
dp, = Vg + € (21)

where ¢, is assumedo be centeredwith unknovn pdf. In both caseswe are
interestedy finding p(v|dy,) or p(v|d).

But, beforegoingfurther, it is importantto notethat,in thefollowing, we arenotgoing
to analyzethe original datax but the pre-processediatad. We changedhe problemto
anew one:Givend canwe assignor computep(v|d).

Two approachesanthenbe used.

Information Theory or Maximum Entropy approach:
This approachs basedon thefirst equationbetweend, andv,. It is obviousthat, there
areinfinite numberof possiblesolutionto this equationLet noteby P this ensemble:

P = {p . E{l/k} = /l/kp(Vk) de = dk} (22)
The Maximum Entropy principle chooseshe onep™¥ () with the highestentrogy
p"*(vy) = agmax {H (p)} (23)
peEP

where

H(p) = — / p(e) Inp(z) de, (24)



or, more generally if we assumeto have a reference(prior?) distribution ¢(v), the
onep™ &L () which hasminimumCrossEntropy or Kullback-Leibler(KL) divergence
[7,12, 13], of p with respecto to g:

pMEE (1) = argrprgg{ff L(p,q)} (25)
where
KL(p,q) = / p(&) In(p(z) /g(z)) de. (26)

We notethatwheng is uniform K L(p, q) = — H(p) andthusp™ ¥ (vy,) = pMF (vy,).
Theuniguesolution,if exists,is givenby

pMKL(I/k) = ﬁq(yk) exp{—Ax } 27)
where
Z () = /q(l/k) exp{—Axvi } dug (28)

andit canbe shown that )\, is the solutionof the equation
—0In Z(Ak)/a)\k = dk (29)

which can be computednumerically It is evident that the expressionsof pM &% (1),
Z (M), andconsequentharny numericalvaluesfor the estimate

MKL E{I/k} /I/kp Vk dl/k (30)

dependon the choiceof g.

As a matterof algorithmicandcomputatiorof p (solutionof the equation(29)) and
v definedin (30),it is interestingto know thatthey canbe computedhrough:
A =amgminy { D(A) =InZ(A) + A'd} 31)
U =amgmin,cc {H(V,V(O))}

whereD(X\) is calleddual criterion and H (v, v(")) is calledprimal criterion andwhere

(0) =E{w}= fl/kq Vi) dug.

The expressions of dual and primal criteria also depend on the expres-
sion of ¢. For example, when ¢ is uniform on C, p is exponential we have
ZA) = [1,(A/Ak), ImZ(X) = =>",In),, DA) = =Y, InX, + >, \edr and
P, v @) = =3, In(v /") + 3, (s — v). For other choicesof ¢ and more
detailsontheserelationsreferto [14, 15,16,17, 18,19, 20,21, 22,23].

Bayesianapproach:
The Bayesiampproachs basednthe secondequationj.e.,, d,, = v + ¢, andwe have
to find an expressionfor the likelihood £(v) = P(d|v) and assigna prior g(vy) or



q(v). Whenthis donewe cangive an expressiorfor the posteriorr?(v|d). Note that,
in both caseswe have to choose;(v). Thefirst stepwhichiis to find an expressiorfor
L(v) = P(d|v) is noteasyHereareafew approaches:

Assuming = v:
Thefirstapproactconsistsn assuming = v. Then,if we arealsogiven N, theproblem
becomequialentto the Problem2 andwe have:

P(dly,N) = [[CN % (1 = vy,) NO~%) (32)
k

Then,againchoosinga uniform prior ¢(v) = =6(1 — 3", v), we obtain

0

m(vg|d,N) =B(Ndy—1,N(1—dy)—1) (33)
andthenwe have Ndo 1
E{vld, N} = ——- (34)

We seethatE{v;|d, N} — d;, whenN goesto infinity.
But, if wedonotknow NV, we cantry to integrateout V.

CAN WE DO IT EASILY ?

Frequentistgoint of view:

Here,we assumea priori thatthe die is fair andtry to obtain an expressionfor the
likelihood£(d|v, N) usingthefollowing arguments:

Given N and K andassuminghateachthroughof the die is independenof all others,
we mayargueonthenumberof possibleoutcomesgesultingto a particulardatasetusing
themultinomial coeficient

N! N!
nyl...ng! Hle(nk!)'

W(n, N, K) is thenumberof possibleoutcomese suchthatthefacek appears, times
betweerthetotal possibleoutcomesvhichis K. Thus,we mayassign

N!
P(n|N,K)=W(n,N,K)/(K") = = : 36
(mIN, K) = W (m, N, ) (K™) = s (36)

It is known that, usingthe Stirling approximatior? the expressiorof this probability,
whenN is large,convergesto

W(n,N,K) = (35)

K
lim InP(n|N,K)=H(v) = —;yklnyk (37)

2 Stirling (1692-1770shovedthata,, = -2 corvergesto v/2rn whenn goesto oo. This meanshat,
for largen we getthe approximatiorin(n!) = 1 1n(27n) 4+ nlnn. However, evenif thisis usuallycalled
Stirling’s formula, in fact, it may have beenknown earlierto Abrahamde Moivre (seehttp://www-
gap.dcs.st-and.ac.uk/ history/Mathe matic ians/D e_Moivre.h tml).



wherevy, = limpy, o0 -

This explanationand this approximationhave also beenusedto justify the choice
of an expressionfor entropy H(v) = —)_, vIny, anda prior law for nb which is
m(n) x exp {aH (v)}, sothat,givenasetof constraint®n vy, findingthemostprobable
(samplingargumentor maximum likelihood approach)value of n subjectto those
constraintdbecomesquialentto maximizing H (v) subjectto thoseconstraints:

ny = argmax {Inm(n)} =amg mgx{H(n)} (38)

But, we do notknow either N or K. We may however try to usetheseexpressiongo
find approximationgo thelik elihoodfunctionwe need First, we mayassign

P(d|v,N,K) = P(Nd|N,K)(1 — P(Nv|N,K)) (39)

andreplacingfor P(Nd|N, K) and P(Nv|N, K) andusingagainthe Stirling formula
we mayfind anexpressiorwhich maybeindependentf N.

| COULD NOT GO FARTHER!!

Integration of nuisanceparameterg:
Again here, we start by assumingN known. Then, we know the expressionsof
P(d|0,N) andP(v|0,N):

P(d|,N) = [[CN% 05" (1= 0,)N ). (40)
k

P(v|6,N)=[JCON™ 6. (1—0,)N ). (41)
k
Thenwe canwrite

P(d|v,0,N) = (1—P(v|,N)) P(d|6,N)

= (1 o § [ A ek)N@—"k))

k
X Hcﬁdk O (1 — 6 ) V(e (42)
k

Then,we have to integrateout 8 to obtainthelikelihoodL(v) = P(d|v, N).
CAN WE OBTAIN SIMPLE EXPRESSIONSOR CAN WE INTEGRATE OUT N ?

Ad hocempiricalapprad:
Anotherapproachis to assignthe two pdfsp(e) = p(dy — vx) andthe prior ¢(v) from
whichwe cancompute

7P (v de) = p(dy, — vi) q(vi) / m(dy). (43)



Heretoo, the expressiorof the posteriorpdf 7 (v,| di) andthusary inferenceabouty
dependsn thechoiceof p(e) andg(vy).

A guestionrmayarisehere:

Canwefirst fix ¢(v;) andcomputep™ X% () anduseit againasa prior in this Bayesian
approach?

The answeris "No", because@™ ¥’ (1) is in factp™**(y,|d,) anddoing so, we have
usedtwo timesthe samedatad,.

Anotherquestionis how to compareandhow to usep™ 5% (v |d;) andn? (v | di)?
My answeris that7? containsmoreinformationthanthatof pM %%, becauseo obtain
78, we combinednformationaboutboth ¢, throughp(e) andy;, throughg(vy,) while to
obtainp™ &L weusedonly ¢(v;). Indeed jt seemshattheonly consistenpointestimator
of v, from pM &L is its posteriormean while, thereis not any suchrestrictionon 2.

(NEEDSMORE CLARIFICATION)

PROBLEM 5

An importantcaseis the one wherewe have only given the meanvalue of the faces
numbers) , k6, = dy or the more generalcaseof the meanvalue of the numbers
writtenonthefaces) _, g, 6 = d withoutary otherknowledgeand,in particulay without
knowing N. We needhoweverto know K.

RemembealsothatE{X} = )", k6, andE{G} = ), gx 0} arenotthesame.They
becomesquvalentif g, = k.

Thus,we considerthecase:

D gkt =d (44)
k

andwe assumeo know the numberof statesk’. The objectveis to find 6.

MaxEnt solution:

Theclassicalinswelto this problemis MaxEntwhich canbe describedasfollows:

It is obvious that, thereare infinite numberof possiblesolutionsto the equation(44).
The Maximum Entropy principlechooseshe onewith the highestentrory

H(0)=—) 0 Inby (45)
k
Thesolutionhastheform
03) = 5757 exp =201} = exp (~(nZ() + 20} (46)
where
Z(N) :Zexp{—/\gk} 47)
k

and ) is thesolutionof the following equation

—0InZ())/0A = d. (48)



which canbe computechumerically
It is alsoeasyto showv thatthe maximumvalueof theentrofy is

Hypar(0) = = 0p Infp =InZ(X) + Xd = maxInf; (A) (49)

which canalsobewritten

miixe()\) = exp{Hma:(0)}. (50)

Bayesiansolution:
If we knew N, we could write the expressionof the likelihood P(D = d|8,N) with

d= Zk grNy andzk ng=N

P(D=d|§,N)= HPn|0 (N — an (d— ngnk (51)

nE=0

We canalsotry to integrateout V:

P(D=d|0) = ZHPn\e (N — an (d— ngnk (52)

N=0ng=0

Thesecomputationsseemto me intractable.In the following, | proposeanotherap-
proach:

Themainideahereis that,we mayaccounfor uncertaintyof this data(in particular
becauseve do notknow thevalueof N) by assuming

p(d|6) = (d ng Or,0 ) (53)

andby arguingon the additivity andpositivity of @ we choose

m(0) = exp{—H(6)} (54)
Then, the posterioris
7(6|d) = exp {—%ﬂ(d— ijgk 0)? — H(e)} (55)
andthe MAP solutionis
0= argmin { (d— Xk:gk Or)? — aH(B)} (56)

with o = 202.



Now, if wechoose (0) =), 0, In6, thenumericaresultsobtainedy thisapproach
andthethe MaxEntsolutionbecomealmostidentical. However, if we canfix thevalue
of «, we have accesgo ther(6|d) which containamoreinformationthanonly onepoint
estimator

Combined data fusion solution:
Assumenow that, not only we have the datax or n, but alsod from previous section.
How to combinethem.Hereis my solution.

Follow the Bayesianapproaclof the sectionsl or 2 to write down the expressionof
thea posteriorilaw

In7(6|n) Z[nklnek-l—(N ng) In(1—6;)] +1n7(0) + ¢ (57)

andusethe expressiorof 7 (0|d) in equation(55) astheprior 7 (8) here.

PROBLEM 6

Assumenow that, our obserer hasrepeatedhe experienceL times,andbeforeeach
experience he haschangedhe numberswritten on eachface.For example,the first
time, hehaswritten g, = k andfor theseconcdexperiencey, = k2. Thisis alsoequialent
to the experimentof using L similar dicewith differentcolorsanddifferentlabelingon
eachfacessimultaneouslyThen,he computedhe numbersy,;.

But, assumenow that,finally, hegivesusonly themeanvaluesn; = (1/N) Y, ng or
d; = (1/N) >, gr. Theproblemis similarto the previouscase put herewe have L data:

nglek:dl: l=1,...,L (58)
k

which canbewritten G@ = d whereG is thematrix with elements),;. Thus,we havea
linearsystenmof equationsvith K unknovnsandL data.Notethatherewe know exactly
thevaluesgy;.

If theexperimentehasmadegoodchoicedor g;; andif L = K, thenwe mayonly try
to solve thatsystemof equationsandobtainanexactsolutionto the problem.But, what
if L < K orif the experimentethasnot madea goodchoicefor g;;, for example,if he
hasnaively wrote g;; = kl. In both casesthe systemof equationhasaninfinite number
of solutions.

MaxEnt solution:
The MaxEntapproachs againstraightforvardandthe solutionhastheform

exp{ Z)\lgkl}—exp{ (InZ(A +Z)\l9kl} (59)

O, =

where

= ZGXP{—Z)\lel} (60)
k l



andX = [\,..., Ar] isthesolutionof thefollowing equation
—0ln Z()\)/(?)\l = dl (61)

which canbe computechumerically It is alsoeasyto show thatthe maximumvalueof
theentropy is

Hinaa(8) = =) 0 I =InZ(A) + X'd = maxIn 6(X) (62)
k

which canalsobewritten
m}z‘xxe()\) = exp {Hpmaz(0)}- (63)
Bayesiansolution:
Following the stepsof the section5, we have
p(d|0) =N (d— G6,5%) (64)

andby arguingon the additivity andpositivity of @ we choose

m(0) = exp{—H(6)} (65)
Then,the posterioris
1
7(0|d) :exp{—rﬂﬂd—GHHQ—H(O)} (66)
andthe MAP solutionis
0= agmin {||d - Go|* —aH(6)} (67)

with a = 202.

Combined data fusion solution:

Assumenow that, not only we have the datax or n, but alsod from previous section.
How to combinethem.Hereagainwe canfollow the Bayesiamapproachof the sections
1 or 2 to write down the expressiorof the a posteriorilaw

In7(0n) = [ngInb; + (N —ng)In(1—6;)] +In7(0) +c (68)

andusethe expressiorof 7 (8|d) in equation(66) astheprior 7 (8) here.



PROBLEM 7

Considerthe sameprevious experiment,but this time, the experimenteris surethatall
dicewereabsolutelyidenticalandunloadedput he hasforgottento notethenumbershe
haswrittenonthedicefacesHowever, hehasalsonotedthemearvalues(1/L) )", gu =
dy. Canwe beof ary helpfor himto find them?

Thus,thistime,, =1/K,k=1,..., K andwe have

D gt =(1/K)) gu=d, 1=1,..L (69)
k k

andalso(1/L)> ,gu=4dx, k=1,...,K.

The problem becomesan interestingone, we want to computethe elementsof a
matrix from its row andcolumnsums.This mathematicaproblemarisein mary other
applicationssuchas computedomographywherewe wantto recover the pixel values
of animagefrom its horizontalandvertical projections.

Exceptthe caseof K = L = 2, we have always lessdatathan unknovns and the
problemhasan infinite numberof solutions.Even in the caseK = L = 2 wherethe
numberof unknovns and data are equal, the problemis still underdeterminedand
hasinfinite numberof solutions.We needto questionour experimenterto seeif he
can rememberof arny other information about those numbers(prior information or
constraints?yvhich canbe helpful to give reasonablanswersaboutthis question.

To go further in detailsof this problem,let changeslightly the notations.We want
to estimatethe elementsg, of a (K x L) matrix G from its row sumsr, = ), gu
andits columnsize¢; = ), gi. We may alsonoter = [ry,...,rk], ¢ = [c1,...,cL],
d = [r;c] and g a vector containingall the elementsof the matrix G concatenated
columnby column.Then,it is easyto seethatwe canalsowrite c = A;g, r = Ayg
andthusd = Ag whereA,, A, andA are,respectiely,a(K x KL),a(L x KL) anda
((K+ L) x KL) matriceswith A = { iz } andwhoseelementarecomposeaf zeros
andones.

Now, we considenwo setsof answerf our experimenterthosewho put determin-
istic constrainton g; andthosewho put probabilisticconstraints.

Deterministic constraints:

* gr1 = gx- Then,we have ry = Lg, andwe have auniquesolutiong, = 7/ L subject
totheconditionthat", g = 5>, re =¢, [=1,...,L.

* gr. = g;- Then,we have ¢, = K g, andwe have a uniquesolutiong; = ¢;/ K subject
totheconditionthat} ", g, = £>",c;=r,, k=1,....K.

* gkl =91, 92,- Then,WEha/eTk =91, Zl g2, andcl = g2, Zk g1, andWGha/eglk X T
andg,, o ¢;. Therestill remainstwo unknowns ), go, and) _, g1, . However, if g;,
andg,, arenormalizedthenwe have auniquesolution.

* gr arenormalizedasthey represent probability distribution: >, gx = >, g1 =
> . >, 9. = 1. This informationis not enoughto find a unique solution. That
becomedrueif g, is separabl@sin previouscase.



« gr arenormalizedasthey represent probability distribution: >, gx = >, gr =
Y2 9w = 1 and and are distributed as uniformly as possible over the
grid {(k,0),k=1,...,K,l=1,...,L}.

This information may be enoughto find a solution if it exists, by maximizing
H(g) = —>_,g;Ing; subjectto the dataconstraintAg = d andthe normaliza-
tion constraintzj g; = 1. Then the solution is given by g = ﬁexp{At)\}
where is the solutionof —0In Z(A)/0A; = d; which canalsobe computedby
A = amgminy { D(A) = InZ(A) + A'd}. Unfortunately thereis not an explicit ex-
pressiorfor thissolution,but it is by constructiorpositive (g; o exp {[A’A],}) and
satisfieshe dataandnormalizationconstraintdor ary correctdatasets.Note also
that this solutionis not a linear function of the data. Thereis only one question
remaining:ls thereary othercriteria H(g) which cangive thesesatisactions?

To give a partialanswerto this questionwe may saythatany corvex criterioncan
beusedto find auniquesolution.For example,H (g) = 3_, g7 = [|g||* which gives
the minimum norm (generalizednverse)solutiong = A*d which becomegy =
Al(AAY)dif AA! wasinvertible. Note thatthis solutionis alinearfunction of
thedata,but, this criteriondoesnot guarantythe positvity of the solution. Another
exampleis H(g) = >_;1ng; which givesthe solutionof the form g; = [AtA but,
this criterion doesnot guarantyneitherthe positivity nor the boundednessf the
solution.Onecanfind othercornvex criteria(seenext section).

Probabililistic constraints:

« We know thatg € C andthatwe generated accordingo areferenceneasure/(g)
overC suchthatE,{g} = go. Now, again,we canusethe ME tool andsearchfor
p( ) suchthatAEp{g} = d andminimizes K L(p,q). We know thatthe solution
is p(g) = zxa(g)exp {A"A'g} where) is the solutionof —01nZ(X)/d); = d;

which canalsobecomputecby X = agminy { D(A) = In Z(A) + A'd} andfinally,
thesolutiong = E,{g} canbecomputedy g = argmin a4—q4{ H (g, g0 }. However,
aswe discussedt beforetheexpressiorof H depend®nthechoiceq(g):
For C a closedset of real numbersand ¢(g) Gaussianwe have H(g,g") =
g — go||* and
for for C aclosedsetof realnumbersandq(g) a Lebesguemeasure)n C, we have
H(g,9'%) = Burg(g,g0) = — 3_;1n(9;/90,) + (95— 9,) and.finally,
for C a closedsetof integer numbersandg(g) P0|sson|anwe have H(g,g%) =
KL(g,90) =>_;9;1n(95/90,) + (95 — 90,)-
This dISCUSSIOI‘ShONS a relation betweenthe classicalME approachof the last
sectionandthe ME in themeanasis presentedhere.Evenif here we have atool to
derive the expressionof the neededcornvex criterion, still an arbitraryremainson
the choiceof C andthereferencemeasure(g).

« Each elementg,;, has beengeneratedndependentlyusing a Gaussianrandom
numbergeneratory, ~ N (k,\).

« Each elementg,; has beengeneratedndependentlyusing a Gaussianrandom
numbergeneratory, ~ N (1, \).



- Two setsof numbersg;, andg,, have beengeneratedising a Gaussiarrandom
numbergeneratory,, ~ N (k, ;) andgs, ~ N (I, \2), thennormalizedand point-
wisely multiplied: gx; = g1, 92,

« Eachelementg,;, hasbeengeneratedndependentlyusinga randomnumbergen-
erator We considerthreeinterestingcasesigy, ~ N (A1), g ~ N (A ) and
gk~ P(N).

» The elementygy;, gr1, 911, 91 have beengeneratedndependentlyusinga random
numbergeneratoV' (0, 1), but othersaregeneratedy gz ~ N (i1, 1) Wheregy, =
%[gk—l,l‘i'gk,l—l+gk+1,l+gk,l+1]-

Let consideronly the caseof independenGaussiany;, ~ N (A, \) and gg; ~ P())
wherewe maybeableto do all thecomputations.

Gaussiancase:gy; ~ N (\,\):

1

P(gr1) = (ﬁ)% exp{ ! (g1 — )\)2} — Inp(gn) =

- ~ 5 (g~ A+ n(2m)

2

g~ NN, rk—ngzNN(rk\L)\ L)), ¢= nglNN(cl\K)\ K)),

p(r) = [ [N (re|LA, L) = (Q;L)geXp {—ﬁ (re —LA)Q}

ol

p(e) = [ [N (alKNK) =

1 2
K eXp{_QK)\ : (= KX) }

1
plaulre ) o Plasr.eh) = exp] =5 (ou =07}

1 9 1 2
X exp{—m k (reg — L) }xexp{—m l (g —K\) }
x exp{ o [(gkl )\)2+%Z(rk—LA)QJF%Z(cl—K)\)Z]}

l
with T = ngl and c = ngl
l k

It is theneasilyseenthat

2)

with J(ge) = (9 — Z ngl L))? Z ngl K))?

P(grilT,€,A) o< exp {——J(gkl)}



is Gaussiarandwe caneasilycomputdts meanandvarianceTo obtainthemearnvalues,
we cancomputethe derivative of

J= (g — )+ %Z(W — L))+ %Z(q — K)\)?

k l

whichis

0J/0g0 = g+ S (re— LN+ 2 D (e~ KN)

k l

andequalit to zeroto obtain

gklZA—%;(%—D\)_%;(Q_IG‘):)‘(1+L+K)_[%;rk+%zcl]

l
(70)
Thisresultis interesting becauso% > okTe+ % >, iswhatis calledthe backprojection
in computedomography

We cangeneralizetheseresults,if we work with the vectorsg, » = A1g, ¢ = Asg
_ry A1 . .
andd =[] = [ !lg = Ag:

At
9o NlowBy),do N(Ago AR, &) [Z] N ( [fgo] ’ [AI% AR At] )

q q
andthus

BN : g=90+R,A'(AR,A")" (d— Agy)
g|d N(gaRg), with { Rg :Rg—RgAt(ARgAt)+ARg
where (AR, A")" is the generalizednverseof AR,A’. Note thatwhen AR A" is
invertible,wehaveg = A~'d and R, = 0. For theparticularcaseof R, = A\I we have

R,=\I— AY(AAYHTA)

: Ay . [A1AY A1AL (KT 1
andfor theparticularcaseof A = A, wehave AA' = |:A2At1 AAL = |1 LIl

wherel is a matrix with all its elementsequalto 1. We may notethat A A? is singular

andits rankis K + L — 1. We canhowever computenumericallyg and ﬁg. Note also
that,evenif a priori g;; wereindependenta posteriorithey arecorrelated.



Poissoncase:gy; ~ P(A):

P(gr) = M exp{—A} /(gr!) — In P(gr1) = (In A)gri — In(gg!) — A

g ~P(A), T —ngz ~P(LA), a= ngl ~P(KN),
) =[N exp{~LA}/(rs)) ) = [(EN exp{—K\}/(c))
k l

Pgrlr,e,A) o (A)™/(gn!)

x [T/ () x T T(EN® /()
with T = ngl and = ngl

It is thenpossibleto shaw that P(gx|r, ¢, A) is alsoa Poissorlaw, but it is not easyto
find anexplicite expressiorfor its mearnvalue . However, usingagainthe Striling formula
whenworking with In P(g|7, ¢, \) onecanobtainapproximateexpressiorfor it

P(gril{gr#ep},7m,¢,A) = P(A(1+ Lexp{c} + Kexp{ri}))
andthuswe have

E{gul{grzrrnu},me, A} = A1+ Lexp{c}+ Kexp{ri})
= KLM1/(KL)+(1/K)exp{c;}+(1/L)exp{rs}).

Thisis interestingpecausé1/K)exp{c;} + (1/L)exp {ry} correspondso thefamous
backprojectioroperationn computedomography



CONCLUSIONS

This paperwas anotheranalysisof dice problemstrying to answersomeof the ques-
tions aboutthe situationswherewe can usethe Bayesianor the Maximum Entropy
approachesThroughthis paperwe distinguishedhreeapproacheBayesianclassical
MaxEntand MaxEnt on the mean.| shoved someof the situationswherewe canuse
theseapproaches.

The Bayesianapproachcan be usedwhenwe canwrite explicitely a probabilistic
model relating the datato the unknavn parameterdrom which we can deducethe
expressionof the likelihood and can assignan a priori law to thoseparametersye
canthen usethe Bayesianapproachto computethe a posteriori from which we can
infer aboutthe parameters.

TheclassicaMaxEntcanbe usedin casesvherewe have a setof datawhich canbe
consideredslinearconstraint®nasetof parameters/hicharethemselesaprobability
distribution. Thenthe classicalMaxEntgive the possibility to find a uniquesolutionto
theunderdeterminegdroblem.

The MaxEntonthemeancanbeusedin casesvherewe have a setof datawhich can
be consideredaslinear constraintson the expectedvaluesof a setof parametersvhich
arethe elementof a corvex seton which we candefinea referencaneasureThen,we
canusethe MaxEnton the meanapproacto computea probabilitylaw on thatsetsuch
thatthe expectedvaluesof the parametersatisfyexactly thedata.We canthencompute
thoseexpectedvalueswhich dependnthechoiceof thereferenceneasureWe shaved
alsothattherearestrongrelationbetweernthe two MaxEntapproaches.

In somecasesijt may happenghatwe have both the momentdataandthe sampling
data. Then we can first use the MaxEnt approachto assignthe prior law using the
momentdataand then useit with the likelihoodto computethe a posteriori law of
the parameterérom which we caninfer aboutthem.

Finally, evenif | tried to answelto someof thequestions| alsoaslkedmorequestions
to beansweredWe thusstill have alot to do with all thethreeapproacheddowever, it
seemghatfor practicalapplicationghe Bayesiarapproaclseemso betheright andthe
easiesbne.
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