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Abstract. During the MaxEnt 2002 workshopin Moscow, Idaho,Tony Vignaux asked againa
few simplequestionsaboutusingMaximumEntropy or Bayesianapproachesfor thefamousDice
problemswhich have beenanalyzedmany timesthroughthis workshopandalso in otherplaces.
Here,thereis anotheranalysisof theseproblems.I hopethat,thispaperwill answera few questions
of Tony and other participantsof the workshopon the situationswherewe can useMaximum
Entropy or Bayesianapproachesor eventhecaseswherewecanactuallyusebothof them.

INTR ODUCTION

Diceproblemshavebeenanalyzedmany times(SeemainlyEd.Jaynespapers[1, 2,3,4]
andalso[5, 6, 7, 8, 9]), but it seemsthat still many questionsareopen.In this note,I
will try to answersomeof them.Beforestarting,we needto setup precisenotations
anddescribepreciselythecontext. Let consideran imaginarydie with

�
faces(

�����
is the ordinary die), whereon eachface there is a number. We note thesenumbers� ���	��
����������������� . � is the numberof elementarystatesand commonly,

�������
and����� �

, but we mayalsoconsiderthecaseswhere
���

areany othernumbers(integeror
real)distinctor not. Let representby ! thevariablecorrespondingto facenumberand
by " the variablecorrespondingto the numberwritten on the faces.So, ! may take
values #�$ ���������%�'& and " cantake values # �(
)������������� � & . Then,we candefine *,+-! �.��/
and *,+0" �1���2/ . If the

���
aredistinctnumbers,i.e.,,

�3�4� �
, they areequal*5+6! �4��/7�*5+�" �8���2/7�:9;� , but notethatE #2! &<�4= � �>9;�@?� E #A" &B�4= � ���C9;� . If

���
is amonotone

functionof
�
, thenit is easyto relateE #2! & to E #A" & , but it maynotalwaysbethecase.

Note also that, in many dice problems,the main hypothesisis that they are fair.
Thenassigningthe probability distributionsbecomea combinatorialcomputation.For
example,supposewe throw two dice andcountthesums D of the two facesnumbers.
We want to assigntheprobabilitiesE�F � *,+�D �HG F / . First, we assume

�����H�
andnote

that D cantake thevaluesin theset I � #�J �%K>��������� $2J & and L	MNL � $O$ . Wemustbecareful
herebecausetheevent D � G F canoccur P>+ G F /Q� �<R L	S RTG F�L times.For example, D � J
occursonetime U<F � #V+W$ � $ /X& , but D �ZY occurs5 time U[F � #V+W$ ��\�/)� +]J �]K^/)� + K>� J /)� + \�� $ /& .
Now, using the basicprinciple of equalweightof statisticalmechanicsor insufficient
reasonof Laplace,we assignE�F � *5+]D ��G F /`_ L U<F^L which gives E�F � *,+�D ��G F /`�P>+ G F /�a =cb debF�f 
 P>+ G F / .
1 Draft versionof September18,2002.All commentsandcorrectionswill bewelcome.



In a moregeneralcase,we mayhave g diceandmaywantto definetheeventssuch
that U<F � #V+-! 
Q�:hi
)�������j� !lk �4h k /& or U<F � #V+-! 
m�:hi
)��������� !lk �:h k /1n =po h o ��G F &
andassignthemprobabilities.We mayalsoconsiderthecasewherewe through g dice
simultaneouslyq timeswhich is not the sameasthrowing q dice simultaneouslyg
times,except the casewherethe dice are identical.We may also considerthe cases
wherethenumberof throwing thedicearedifferent,i.e.,, thedice r hasbeenthrown q o
times.

In someotheranalysis,we may not know if the die is loadedor not. This may be
oneof thequestionto beanswered.To beableto answerto a question,we mayneedto
gatherrelevantdata.Thesedatamaybeof differentform andthus,aswewill seein the
following, theway to usethemto answerto aquestionmayalsodiffer.

Beforegatheringany data,wemaydefinethequestionto beanswered.For example,if
wewantto know if thedie is loadedor not,wemaybeinterestedto infer abouts . Also,
beforegatheringany data,we may make hypothesesandwe may be able to translate
the knowledgecontainedin thesehypothesesby an a priori probability law t[+�s / . For
example,wemayassumethatthedieis notloadedandassume

9�
u�'9;vw�:�����)�192�T� $ a��
or choosea uniform prior for t`+]s / over the set #�s nT9;�yx:�{zV� $ �}| = � 9;�~� $ & . Note
that, even if they translatethe samecommonlyspeakinghypothesis,mathematically
speaking,they arenotexactly thesame.Theformersays*,+ = � 9;�@?� $ /7�4z and *5+ 9;��?�9 o ����?� r /e��z and *5+���� 9;���4�)/m� + �iR � /)�>� $�� � �8��� z .

Wemayalsobeableto associatealikelihoodfunction *5+��1L	s / to thedatato represent
theamountof knowledgeabouttheunknown parameterscontainedin thedata.We will
seehowever thatthis maynotbeeasyin somecases.

Thequestionsmayalsobedifferent:Wemaywantto know if thedie is loadedor not
or we maywantto know whatis theprobabilitythatthenext facebetheface

�
, or still,

whatarethenumberswrittenon thefacesof thedie.
Let startby asimpleandeasyproblemwhich,hereafter, we call Problem1.

PROBLEM 1

Wehaveobservedthecompletedata� �H� hi
)�������j��h��`� andweknow thenumberof states�
(numberof faces).Thequestionis to estimates �H�{9�
)���������%92�<� where

9;�`� *5+6! �:��/
is theprobabilityof theeventface

�
up.

Hereis aMatlabprogramwhichsimulatesthisdatageneration:

K=6;N=100;x=round((K-1)*rand (N,1) )+1;

andthefollowing is anexample(an q sample)of this dataset:� ����\>� J � J � J � $ ��Y(�]\��%YV� $ ��\��%KV�%K>�]�>�%�>��\��%�V�%�>��\��]\�� $ � $ � J � $ �%�>��\�� J �]\�� J �%K>� J � J �%�>� J � J � $ �%�V�YV�%YV�%�>�]K>��Y(�]\�� J � J ��\��]\>�]\��]K>�%�>�]�>�]\>��YV� J ��YV�]K>��Y(� J �%YV� $ �]K>�%KV�]\��]K>� $ �]K>�%KV��YV�]K>�%K>� J ��Y(��YV�]K>�]\���\��K>�]K>�%K>��\�� $ � J ��\��]\��%YV�]\>��YV�]�>��YV�]�>��Y(��YV�%YV� $ � $ �]\>� $ �%YV� J � $ �%�A� .
Note that, if we re-run again the program,we obtain a different data set. Here is



theresultsof asecondrun:� ���{�V� J ��\��%K>�%YV��Y(�%K>� $ ��YV�]K>�]\>��YV�]�>��YV� J �%KV�%�>�]�>�%K>�%YV� $ �%K>�%YV� $ � J � J � J ��\�� J � J � $ ��YV�]K>�%�>�]K>�%KV�YV��\�� J ��\���Y(� $ ��\��%K>�%YV�]\>��YV�]K>�%K>� J � J �]\��]K>�]\�� J �]\>�%K>�%YV��YV��\��%KV��YV�%YV�]\��%YV�]\>�%K>� J �%K>��\���Y(�%K>�%YV�]\��]K>�YV��\��%K>��\��]\>��YV�]�>�]\��%YV� J �%�>� J � J �%YV��Y(� J � $ ��YV� J � J �]\�� J �%K>� $ �%�A� .
Thesetwo datasetscanrepresenttwo differentexperiencesusingthesamedie.

Let noteby � � thenumberof timesthe face
�

hasbeenshown up � ����� +6! ����/ .
Thenwehave

= � � �[� q . Hereis aMatlabprogramwhichcomputesthesenumbers:

nk=zeros(K,1);
for k=1:6

nk(k)=sum(x==k);
end

andherearetheresultsfor thetwo abovedatasets:

Dataset1: � ��� $ KV� $�S � $�S � JV$ � $;� � $ KA� and
Dataset2: � ���{z S � $2� � JV$ � J z>� J YV�%zO�A� .

Now, let startby askingaboutthevaluesof
9;�

. If all the
9;�

arethesamevalue,wecan
saythat thedie is not loaded,but if they aretoo differentfrom eachother, we maysay
thatthedie is loaded.

A wisemancansay:This is aneasyproblem.If eachtrial hasbeendoneidentically
andindependently, thenit is reasonableto estimateeach

9;�
by
9;�<� � �;a q andno need

for morecomplex mathematics.But if we ask:How confidentor (how sure)areyou
aboutthesevalues?Hemaysay:hum...,let usetheprobabilitytheory.

Let assumeto know
�

andwe have given � (andthuswe now q ) andassumethat
thedie hasbeenthrown alwaysin the samemannerandindependently. Herethen,we
canwrite thecompletelikelihoodfunction*5+��~L�s /e� � �8�y�;�� 9 �;�� +W$ R�9;�2/ � � �2� � (1)

Note that in theright handsideof this expression,� is presentthrough � � andwe can
write *5+��~L�s /e� *5+0�¡L�s / .

Thenthelikelihood ¢y+�s /Q� *5+��~L	s / andwehave£¥¤ ¢y+]s /e��¦ � � � � £}¤ 9;�i§ +0q R � �;/ £}¤ +W$ RT9;�;/¨�©§«ª (2)

where
ª¬� = � £¥¤ � � �� doesnotdependon s .

Knowing thateachparameter
9;��x��z>� $ � , wecanchooseauniformprior t[+ 9;�;/e� $ on

thisinterval.However, weknow that
= � 9;�m� $ , thenwecandefinetheset ® � #�s ne9;� x��z>� $ �}| = � 9;� � $ & andthusdefineauniformprior onthisset t[+�s /�� $ �^� s x ® andzero



elsewhere,andthusobtainthea posteriori law

t[+�s[L	� /e� ¢y+]s / t[+]s /¯ +0� / � $¯ +�� / � � � � �� 9 � �� +¨$ R�9;�2/ �`� � � � (3)

whichis definedonthesameset ® andwherē +0� / is themarginalor evidencefunction:¯ +�� /e� °°u± ¢y+�s / t[+�s / ds � °°�± ds � �Z� � �� 9 � �� +W$ R�9;�;/ �`� � � � (4)

Thus,wehave £¥¤ t[+]s`L	� /i� ¦ � � � � £}¤ 9;�w§ +�q R � ��/ £¥¤ +¨$ R�9;�2/���R £¥¤ ¯ +�� / (5)

Now, if weareonly interestedby thevalueof ² sw³~´>µ whichhasthehighestprobability,
wecancomputeit by puttingthederivativeof

£¥¤ t[+]s[L � / with respectto eachparameter9;�
to obtain¶ £¥¤ t[+]s`L	� /�a

¶ 9;�[� � �9;� R q R � �$ R�9;� � � �mR q 9;�9;� +W$ RT9;�;/ ��z@R7· ²9 ³~´>µ� � � �q � (6)

Thereis only onepossiblesolutionto thisequationandthereis notany ambiguity. Here
is theresultsfor thetwo abovedatasets:

Dataset1: ² si³~´>µ ���{zV� $ K�zOz>�%zV� $�S zOz>�%zV� $�S zOz>�%zV� JV$ zOz>�%zV� $2� zOz>�%zV� $ K�zOz�� and

Dataset2: ² si³~´>µ ���{zV�¸z S zOz>�%zV� $2� zOz>�%zV� JV$ zOz>�%zV� J z�zOz>�%zV� J Y�zOz>�%zV�¸zO��zOz�� .
But,wemustbecarefulhereontheinterpretationsthatwecangiveto thesenumerical

values.Wemaywantto answerthefollowing questions:

• Do thesetwo datasetscomefrom thesamedie?
• Is this die loaded?
• Whatis theprobabilityof seeingface

�
upbasedonthedataset1 or thedataset2?

• If I throw this die $ zOz timesagain,whatwill bethenumberof timesI will seeface�
up?

Wehavestill toomuchto dobeforebeingableto givecorrectanswersto thesequestions.

PROBLEM 2

Assumenow that, in placeof � , we have only accessto thedata � � +6� 
)��������� � ��/ and
know the valuesof

�
and q (or if we knew that

= � � �¹� q ). It is easyto seethat
we obtainexactly the sameresult,because+6� �]�«� = �� f 
 � �º� q / defineperfectly the
likelihoodandform sufficientstatisticsaboutthis problem.



Note however that, in both cases,the likelihood ¢y+]s / is not definedfor
9;�º��z

and9;�»� $ andconsequently, theposteriorpdf t[+]s[L � / maynotbeaproperpdf.Wearegoing
to analyzeproperlythis point.

First, noting that the likelihood function in previous section ¢y+]s /��½¼ � rW+ 9;��/ andt[+�s /��½¼ � t[+ 9;�;/ , we also have t`+]s[L � /[�½¼ � t[+ 9;� L � /[�½¼ � t[+ 9;� L � �2/ . Thus,we can
work hereafteronly with the functions rW+ 9O/ , t[+ 9O/ , t[+ 9 L h7/ and ¯ + h7/ which is givenby
[10, 11] ¯ + h7/e� ° 
¾ t[+ 9O/ �@¿� 9 ¿ +¨$ R�9O/jÀ � � ¿)Á d9(� (7)

With auniformprior t[+ 9O/e� $ wehave¯ + h7/e� ° 
¾ � ¿� 9 ¿ +W$ R�9�/ À �`� ¿)Á d9¹�4Â + hQ� q RNh7/ (8)

where
Â +�Ã �]Ä»/ is theBetaprobabilitydensityfunction(pdf)Å + h L	Ã �]Ä»/i� $Æ +�Ã ��Ä»/ hÈÇ �u
 +W$ RNh7/ ÀÊÉ �u
 Á (9)

which is definedfor Ã«� z , Ä � z and
h,x��z>� $ � andwhereÆ +0Ã �]Ä»/e� ° 
¾ hÈÇ �u
 +W$ RNh7/ À¸É �u
 Á dh (10)

andwehave:

mode# he&�� Ã R $Ã §�Ä¡R J � E # he&�� ÃÃ §�Ä and Var# he&B� Ã Ä+�Ã §�Ä»/ v +�Ã §�ÄË§ $ / �
Consequently, theposteriorlaw, whoseexpressionis t[+�s[L � /Q��Â +6� R $ � q R $ R � /

or equivalently t`+ 9;� L � �;/»��Â +6� �»R $ � q R $ R � �A/ , is only boundedif q R $��Z� � �.$ .
TheMAP estimators²9 ³~´Vµ� � � � �(v�`��Ì donotexist if � �B� $ or if � �<Í q R $ andif q �'\ .
The posteriormeanestimators²9 µÈ³� � � � �u
� �(v exist if qÎ� J andthe posteriorvariances

Var# 9�&���� À � � �u
 Á À �`� � � �u
 ÁÀ �`�(v ÁÐÏ À �`�u
 Á exist if qÑ�.J . Note alsothat when � �º� $ the correspond
meanestimatoris

9;� �Zz
andwhen � �¬� q R J thecorrespondmeanestimatoris

9;�¬� $ .
Thisshowsakind of negativebiasof theestimatortoward

9;�[�:z
and
9;�[� $ (SeeTable

1).
Onemaywantsto haveaproperposteriorlaw t[+]s[L � / for thewholerangeof possible

valuesof theparameters
9;��xÒ��z>� $ � andthedata� �<�Ó��z>� $ �������j� q � . Thiscanbedonevia

otherchoicesfor theprior law. In thetwo previouscases,we choosea uniform a priori
for
9;�

. Someauthorsarguedthat this choiceis too biasedagainstextremevalues
z

and$ andproposedto use t[+ 9;�;/e�Ó��9;� +W$ R�9;�2/¨� �u
 ��9 �u
� +W$ R�9;�;/ �u
 (11)

Note alsothat,againwith this prior, the normalizationfactoror the evidencefunction



¯ + h7/ is givenby¯ + h7/Q� ° 
¾ �{9 +W$ R�9�/¨� �u
 �@¿� 9 ¿ +¨$ R�9O/jÀ � � ¿)Á d9��:Â + hQ� q RNh7/ (12)

which resultto t[+]s[L � /e�:Â +6� � q R � / which is boundedif qÔ�'� � ��$ (SeeTable1).
To eliminatethis problem,onecanchooset[+ 9;�2/Q��9AÕ �u
� +¨$ R�9;�2/¨Ö �u
 (13)

which resultsto¯ + h7/m��° 
¾ 9 Õ �u
 +W$ RT9�/ Ö �u
 � ¿� 9 ¿ +W$ RT9�/ À �`� ¿)Á d9º�:Â + hº§ � � q §«�iR�h7/ (14)

which resultto t[+]s`L � /e�4Â +0� § � � q §«�iR � / which is boundedif q R�� �1� � ��$ R � .
Then,themeanvalues

9;�[� +0� �w§ � /�a +0q §«�È§ � / have thelimit value
9;�[� � �2a q when� �:� ×·Ñz . Thefollowing Tablesummarizesthesepoints.

Ã«� z Ä � z Ã §�Ä mode mean variancet[+ 9;�2/e� $ � t[+ 9;� L � �2/e�4Â +6� �mR $ � q R � �»R $ /� �»R $ q R � �mR $ q R J � � �(v�`��Ì � � �u
�`�(v À � � �u
 Á À �`� � � �u
 ÁÀ �`�(v Á Ï À � �u
 Á� � ��$ � � �'q R $ q��ZJ � � � $ �qÔ� \ � � � z>�qÔ�8J � � � z>�� � �8q �q��ZJt[+ 9;�2/e�:9 �u
� +W$ R�9O/ �u
 � t[+ 9;� L � �2/e�4Â +0� �i§ $ � q R � �2/� �i§ $ q R � � q § $ � ��`�u
 � ��Ø 
� Ø 
 � ��Ø 
 Á À �`� � � ÁÀ � Ø 
 ÁÐÏ À � Ø v Á� � � z � � �8q q�� z � ��Í4z>�qÔ� $ � ��ÍZz>�q Í4z � ��Í4z>�� ��� q �q ÍZzt[+ 9;�;/e��9�Õ �u
� +W$ R�9O/ Ö �u
 � t[+ 9;� L � �2/e�4Â +0� �i§ � � q §«�iR � �2/� �i§ � q R � �w§«� q § � §«� �2� Ø Õ �u
� Ø Õ Ø Ö �(v �2� Ø Õ� Ø Õ Ø Ö À �2� Ø Õ Á À � � �2� Ø Ö ÁÀ � Ø Õ Ø Ö Á Ï À � Ø Õ Ø Ö Ø 
 Á� ��Í4z � ��� q q ÍZz � ��Í4z>�qÔ� z � ��ÍZz>�q Í4z � ��Í4z>�� ��� q �q ÍZz
Notealsothat,whenwe have theexpressionof thea posteriori law t`+]s[L � / , we may

defineotherestimatorsthantheMAP or theposteriormean(PM). We mayalsoanswer
thequestionsof type *,+0��� 9;� � �)/ .

Note however that, all thesecomputednumbersdependon the dataand our prior
knowledgewe included.For any otherdatasetweobtainothernumbers.Onemaywant
to studythesensitivity of thesolutionto a kind of variability of data.This canbedone
by MonteCarlosimulationsor by repeatingtheexperience(but veryoftenthis maynot
bepossible).



Also, in generalthe numberof data or, more precisely, the contrastbetweenthe
numberof dataand the numberof parameters,is a crucial parameter. Onemay want
to know theconvergenceof the solutionto the hypotheticalcasewherethenumberof
datagoesto infinity.

Now, let seeif wecananswersomeof thequestionsat theendof thelastsection.

• Whatis theprobabilityof seeingface
�

upbasedonthedataset1 or thedataset2?
For eachdataset,wecangivethefollowing answers:

– Themostprobablevaluesof
9;�

are
9 ³~´Vµ� �Ó� huhuhuhuhuhuhuhu�

, or
– Themeanvaluesof

9;�
are
9 ³~µ� �Ó� huhuhuhuhuhuhuhu�

, or
– Thevariancevaluesof

9;�
are Ù �[���	huhuhuhuhuhuhuhu� , or still

– The lower values� � anduppervalues
�X�

for which the probabilities*,+0� � �9;� � ��;/e�H� � are � �[�Ó� huhuhuhuhuhuhuhu� and
�X�����	huhuhuhuhuhuhuhu�

.
• Do thesetwo datasetscomefrom thesamedie?

We cantry to answerthis questionby comparingthe probability laws t 
 + 9;� L	� 
�/ ,t v + 9;� L	� v/ andt`+ 9;� L � 
� � v/ . But how to dothiscomparison?Wemaytry to compute
therelativeentropy� gº+-t 
 t v2Ú t /e� ° t 
 + 9;� L � 
�/ t v + 9;� L	� v/ £¥¤ t 
 + 9;� L	� 
�/ t v + 9;� L � v/t`+ 9;� L � 
X� � v)/ d

9;�
(15)

If this valueis nearto zero,this meansthatthetwo datasetscomesfrom different
dice.

• Is this die loaded?
We can answerthis questionby computingthe probabilitiesof two hypothesesÛ,
i� + 9�
Q�:9;v¬�������A�:92��/ and

Û ¾ � + 9;�y?��9 o / , i.e., *,+ ÛÜ
 L	� / and *,+ Û ¾ L	� / .
*5+ Û,
 L	� /Ý� � � ° d

9 t`+ 9;�<��9 L	� 
�/ (16)

*5+ Û ¾ L	� /Ý� °
d
9�
>����� °

d
92� � � t[+ 9;� L	� 
�/ (17)

• If I throw this die q � � $ zOz timesagain,what will be thenumberof timesI will
seetheface

�
up?

To answerto this question,therearetwo methods:
i) Usethedataset � � #�� � q �%�'& to computet[+]s`L	� / andestimate² s by oneof the
previousmethods(MAP, PM, ...) andthencompute*5+0� � L ² s � q � � $ zOzV�%�Ò/ .



ii) Try to find theexpressionof *5+0� � L � � q �]�«� q � / by following*5+0�¡L	s � q �%�Ò/Þ� � � � �2�� 9 �;�� +W$ RT9;�;/ � � �2�*,+6� � L�s � q � �%�Ò/Ý� � � � � � ��Q� 9 � � �� +W$ RT9;�;/ � � � � � �*,+6� � � � L	s � q �%�«� q � /Ý� � � � � ��Ø � � �� Ø �m� 9 � ��Ø �
� �� +W$ R�9;�;/ � Ø � � � � � � � � �*,+6� � L � � s � q �%�«� q � /Ý� *5+0� � � � L	s � q �%�«� q � /�a *,+6� � L	s � q � �%�Ò/

andthenintegrateout s to obtain *5+0� � L � � q �]�«� q �ß/ .
PROBLEM 3

Now, considerthecasewhere,theobserver hasgivento usonly a subset+6� 
)��������� � ���}/
of the whole data � � +0� 
)�������j� � �B/ with

��� � � . (He just hasforgottento countand
reportthenumbers#�� �����y�����X§ $ ���������]�'& , but heis surethattheuseddiehas

�
faces.

In thiscasewecanonly obtainanexpressionfor thelikelihoodfunctionif weknow the
total numberof theobservationsq � = �� f 
 � ��Í q � � = � �� f 
 � � which is

*5+��~L�s /e_ � ��� f 
 9 �;�� +¨$ R�9;�2/ �`� �2� � (18)

Notethatthis likelihoodexpressiondoesnotdependon theparameters# 9;���%�y��� � § $ ���������]�'& . Thus, the maximumlikelihood (ML) estimationapproachis
unableto proposeany valuesfor them,while the Bayesianapproachandin particular
theMAP estimationcanproposeasolutionwhichdependsonthechoiceof a priori . For
example,with auniformprior, wehave:9;�<�áà � �� �y� $ ���������]���À �`�V� � ÁÀ �<�V��� Á � �y�:���X§ $ ���������%� (19)

wherethefirst row is commonwith ML andthesecondrow is dueto theuniform prior
andthenormalization.

It is importantto notethat,while in thetwo previouscases,theprior law t[+]s / hasless
importantrole, heretheclassicalML approachcannotgive any answerto theproblem
andtherole of prior informationis crucial.



PROBLEM 4

Anotherinterestingcaseis theonewherewedonotknow thenumberof states(facesof
thedie).For example,wehaveobservedthefollowing data:� ����\>� J � J � J � $ �Wâ(��\��Wâ(� $ �]\>�%K>�]K>�Wâ(�¨â(�]\��¨â(�Wâ(�]\>�]\�� $ � $ � J � $ �Wâ(�]\>� J ��\�� J �]K>� J � J �¨â(� J � J � $ �â(�Wâ(�¨â(�Wâ(�]K>�Wâ(��\�� J � J �]\>�]\���\��%K>�¨â(�Wâ(��\��Wâ(� J �Wâ(�]K>�Wâ(� J �Wâ(� $ �%K>�]K>�]\>�%K>� $ �%K>�]K>�Wâ(�]K>�%KV� J �â(�Wâ(�]K>�]\>�]\��]K>�%K>�]K>�]\>� $ � J �]\���\��Wâ(��\��Wâ(�¨â(�Wâ(�¨â(�Wâ(�Wâ(�¨â(� $ � $ �]\>� $ �¨â(� J � $ �Wâ��
where

â
may meananything else greater than 4 or do not know. Note that these

two casesaredifferent.In thefollowing, wefirst considerthefirst casewhich is, in fact,
very closeto the Problem3 in previous section,becausewe know exactly the � � for�¡� $ ���������]� � but we do not know other � � , � � � � nor the the true valueof

� � � �
itself. However, q is given.We canonly giveanexpressionfor thelikelihoodif we fix
the valueof

�
. Then,we canconsider

�ã��YV�%�V� S ���¥�Ð� and for eachcasecomputethe
resultsusing(??):

For
�ä��Y

weobtain: s �Ó��z>� $ KOzOzV�%z>� $�S zOzV�%z>� $�S zOzV�%z>� JV$ zOzV�%z>�ÊzOK J z�z��
For
�ä�:�

weobtain: s �Ó��z>� $ KOzOzV�%z>� $�S zOzV�%z>� $�S zOzV�%z>� JV$ zOzV�%z>�Êz $ �Oz�z>�%z>�Êz $ ��zOz��
For
�ä� S weobtain: s �Ó��z>� $ KOzOzV�%z>� $�S zOzV�%z>� $�S zOzV�%z>� JV$ zOzV�%z>�Êz $ zO� S ���]z>�¸z $ zO� S �]z>�Êz $ z�� S �

andsoon.

A difficult questionremains:How to fixe
�

? We may try to comparet[+]s`L	� �%�Ò/ for
differentvaluesof

�
throughtheir entropies.We may also choosea prior for it and

computet[+�s �%� L � / or still integrateout s to obtain t[+ � L	� / from whichwecanestimate�
.
Thecasewhere,the

â
in thedatameansdo not knowis morecomplex. If at leastwe

know
�

, thenit maystill bepossibleto write theexpressionof thelikelihood.Let note
thetruevaluesof � � by q«å � . Then,we know that q«å �<�¡xæ� � ��� � �e§ �iç ���w��� $ ���������%���
and q�å �[�èx��z>� �wç �]�7�y�����}�������j�]� with �wç � q R = � �� f 
 � � . Then,wemaywrite

*5+��~L	s �%é<�%�«�%� � /Þ� � ��� f 
 �y�;��`� �2ê 9 �2�� +W$ R�9;�;/ �`� �2ê � �2�
��� f 
 �yë �� ê 9 � ë �� +W$ R�9;�;/ ��ê �V� ë �

or

*5+��~L�s �%é��]�Ò/ì� ��� f 
 � � ë �� 9 � ë �� +W$ R�9;�2/ �2ê �V� ë �
Wecanthentry to integrateout s from this expressionto obtain *5+��~L é[�%�Ò/ or integrate
out
é

to obtain *5+��~L	s �%�Ò/ . But, whatto do if wedonotknow
�

?Canwealsointegrate
out
�

by summingoverall valuesof
�

?



Anotherquestionthatmayarisein this problemandthepreviousones,is to estimate
thefrequencieså �B� � �2a q which is not exactly thesamequestionof estimating

9;�
. In

thefollowing, weconsiderthis problem.
Firstconsiderthecaseof completedata #�� � q �]�'& of problems1 and2. Wemaynote

that,if we assumethatthedie is fair, theknowledgeof thepastexperience( #�� � q �%�'& )
doesnotchangeanythingontheresultsof thefutureexperience.But, if wedonotknow
if the die is loaded,then from the pastexperience,we can estimates and useit to
computetheprobabilityof observingany event.

Thesituationbecomesmorecomplexe if wedo notknow
�

or q or if somedataare
missingasis thecasein problems3 or 4, or moregenerallythecaseswherewe cannot
write easilytheexactexpressionof thelikelihood.

Let considertheincompletedataproblem4 whereweknow q , � � and �iç , but wedo
not know

�
andassumethat the

â
area priori distributeduniformly between$ and

�
(or between

���
and
�

) andcomputethenumbersí �[� +0� �i§ �wç a��Ò/�a q (or í �[� +6� �w§�iç a + �cR����Ð/�/�a q ). Wecanthensaythatthesecomputedí � aregoodapproximationsto
thetrueunobserved å � . Thequestionis how to modelthis approximation.Two models
canthenbeused:

i) Assumeí � asthemeanvaluesof theunknown frequencieså �í �`� E #�å �A&���° å � Em+]å �2/ då � (20)

or
ii) Assumeeachí � to bethesumof thetrue å � anda randomerror î � :í �`� å �w§ î � (21)

where î � is assumedto be centeredwith unknown pdf. In both cases,we are
interestedby finding EQ+]å � L	í �©/ or EQ+ é L	ï / .

But, beforegoingfurther, it is importantto notethat,in thefollowing, wearenot going
to analyzetheoriginal data � but thepre-processeddata ï . We changedtheproblemto
anew one:Given ï canweassignor computeEQ+ é L	ï / .
Two approachescanthenbeused.

Inf ormation Theory or Maximum Entropy approach:
This approachis basedon thefirst equationbetweení � and å � . It is obviousthat,there
areinfinite numberof possiblesolutionto thisequation.Let noteby ð this ensemble:ð � #XE n E #�å �A&�� ° å � EQ+]å �;/ då �[� í �A& (22)

TheMaximumEntropy principlechoosestheoneE ³~ñ +�å �;/ with thehighestentropyE ³~ñ +]å �2/e� arg ò5óAôõ;ö©÷ # Û +ßE /& (23)

where Û +ßE /e��R ° Em+ h7/ £}¤ Em+ h7/ dhQ� (24)



or, more generally, if we assumeto have a reference(prior?) distribution P�+�å �;/ , the
oneE ³ � k +]å �2/ whichhasminimumCrossEntropy or Kullback-Leibler(KL) divergence
[7, 12, 13], of E with respectto to P :E ³ � k +]å �;/e� arg òlø ¤õ;öC÷ # � gº+ßE � P /& (25)

where � gº+ßE � P /Q��° Em+ h7/ £¥¤ +ßEQ+ h7/�a P�+ h7/�/ dhQ� (26)

Wenotethatwhen P is uniform
� gº+ßE � P /Q��R�Û +�E / andthusE ³ � k +�å �©/e� E ³~ñ +�å �;/ .

Theuniquesolution,if exists,is givenby

E ³ � k +�å �2/e� $ù +]ú �©/ P>+]å �;/�û ôVü�# R ú � å ��& (27)

where ù +]ú �©/e� ° P�+�å �©/�û ôVü�# R ú � å ��& då � (28)

andit canbeshown that ú � is thesolutionof theequationR ¶ £¥¤ ù +]ú �;/�a
¶
ú �<� í � (29)

which can be computednumerically. It is evident that the expressionsof E ³ � k +]å �2/ ,ù +�ú �©/ , andconsequentlyany numericalvaluesfor theestimate

å ³ � k� �
E #�å �A&���° å � E ³ � k +�å �;/ då � (30)

dependon thechoiceof P .
As a matterof algorithmicandcomputationof ²ý (solutionof theequation(29)) and²é definedin (30), it is interestingto know thatthey canbecomputedthrough:à ²ý �

arg òlø ¤(þºÿ �+ ý /e� £¥¤ ù + ý /(§ ý�� ï �²é �
arg òlø ¤�� ö�� ÿ�Û + é��]é À ¾ Á / � (31)

where�+ ý / is calleddualcriterion and
Û + é<�%é À ¾ Á / is calledprimal criterion andwhereå À ¾ Á� � E�C#�å �A&B�	� å � P�+�å �©/ då � .

The expressions of dual and primal criteria also depend on the expres-
sion of P . For example, when P is uniform on 
 , E is exponential we haveù + ý /N�Þ¼ � +W$ a ú �;/ , £}¤ ù + ý /N� RÜ= � £}¤ ú � , �«+ ý /N� RÜ= � £}¤ ú �~§á= � ú � í � and*5+ é<�]é À ¾ Á /y� RN= � £}¤ +�å �;a å À ¾ Á� /m§.= � +]å �¹R å À ¾ Á� / . For other choices of P and more
detailson theserelationsreferto [14, 15,16,17, 18,19, 20,21, 22,23].

Bayesianapproach:
TheBayesianapproachis basedon thesecondequation,i.e.,, í �[� å �w§ î � andwe have
to find an expressionfor the likelihood ¢y+ é /�� *,+�ï�L é¬/ and assigna prior P>+]å �;/ or



P>+ é / . Whenthis donewe cangive anexpressionfor theposteriort��`+ é L�ï / . Note that,
in bothcases,we have to chooseP>+ é¬/ . Thefirst stepwhich is to find anexpressionfor¢y+ é /e� *5+]ï�L é�/ is noteasy. Herearea few approaches:

Assumings �:é :
Thefirst approachconsistsin assumings �'é . Then,if wearealsogiven q , theproblem
becomesequivalentto theProblem2 andwehave:*,+�ïBL é<� q /Q� � � � �� �� å �� �� +W$ R å �2/ � À 
��� � Á (32)

Then,againchoosingauniformprior P>+ é¬/e� 
����� +¨$ R = � å �;/ , weobtaint[+�å � L	ï � q /e�4Â +]qTí �QR $ � q8+W$ R í �;/ÈR $ / (33)

andthenwehave

E #�å � L�ï � q &B� q�í �mR $q R J � (34)

WeseethatE #�å � L	ï � q &B×· í � when q goesto infinity.
But, if wedo notknow q , wecantry to integrateout q .

CAN WE DO IT EASILY ?

Frequentistepoint of view:
Here,we assumea priori that the die is fair and try to obtain an expressionfor the
likelihood ¢@+]ï�L é[� q / usingthefollowing arguments:
Given q and

�
andassumingthateachthroughof thedie is independentof all others,

wemayargueonthenumberof possibleoutcomesresultingto aparticulardatasetusing
themultinomialcoefficient� +0� � q �%�Ò/e� q��� 
 � ����� � � � � q��¼ �� f 
 +0� � � / � (35)� +0� � q �%�Ò/ is thenumberof possibleoutcomes� suchthattheface

�
appears� � times

betweenthetotal possibleoutcomeswhich is
� �

. Thus,wemayassign*5+0�¡L	q �%�Ò/i� � +0� � q �%�Ò/�a + � � /m� q��+ � � / ¼ �� f 
 +0� � � / � (36)

It is known that,usingtheStirling approximation2 theexpressionof this probability,
when q is large,convergesto£ ø}ò������ £}¤ *,+6� L q �]�Ò/e��Û + é¬/e�HR �¦ � f 
 å � £¥¤ å � (37)

2 Stirling (1692-1770)showedthat ���� ��! "$#� #&%('*),+ convergesto - .0/21 when 1 goesto 3 . Thismeansthat,
for large 1 we gettheapproximation465�781:9 ;< �=> 4?5@7A.0/21�;CBD1E465:1 . However, evenif this is usuallycalled
Stirling’s formula, in fact, it mayhave beenknown earlierto AbrahamdeMoivre (seehttp://www-
gap.dcs.st-and.ac.uk/ h̃istory/Mathe matic ians/D e_Moi vre.h tml ).



where å �[� £ ø}ò �F��G� �;�� .
This explanationand this approximationhave also beenusedto justify the choice

of an expressionfor entropy
Û + é /�� RN= � å � £}¤ å � and a prior law for � � which ist[+6� /�_Zû ôVü�#AÃ Û +�å /& , sothat,givenasetof constraintson å � , findingthemostprobable

(samplingargumentor maximum likelihood approach)value of � subject to those
constraintsbecomeequivalentto maximizing

Û + é / subjectto thoseconstraints:²� �`� arg ò,ó�ôH # £¥¤ t[+0� /X&�� arg ò5óAôH # Û +0� /X& (38)

But, we do not know either q or
�

. We mayhowever try to usetheseexpressionsto
find approximationsto thelikelihoodfunctionwe need.First,wemayassign*5+]ï�L é�� q �%�Ò/e� *5+�q�ï�L	q �]�Ò/ +¨$ R *,+0q é L q �]�Ò/�/ (39)

andreplacingfor *,+0q«ï�L	q �%�Ò/ and *5+�q é L	q �%�Ò/ andusingagaintheStirling formula
wemayfind anexpressionwhichmaybeindependentof q .

I COULD NOT GO FARTHER !

Integrationof nuisanceparameters :
Again here, we start by assuming q known. Then, we know the expressionsof*5+]ï�L�s � q / and *5+ é L	s � q / :*5+]ï�L�s � q /m��� �Z� �� �� 9 �� �� +W$ R�9;�2/ � À 
��� � Á � (40)

*5+ é L	s � q /e� � �Z� � ë �� 9 � ë �� +W$ RT9;�;/ � À 
�� ë � Á � (41)

Thenwecanwrite*,+�ïBL é<� s � q /ì� +¨$ R *5+ é L	s � q /�/ *,+�ï�L�s � q /� I $ RT� � � � ë �� 9 � ë �� +W$ RT9;�;/ � À 
�� ë � Á$JK � � � �� �� 9 �� �� +W$ R�9;�2/ � À 
��� � Á � (42)

Then,wehave to integrateout s to obtainthelikelihood ¢y+ é /e� *,+�ï�L é<� q / .
CAN WE OBTAIN SIMPLE EXPRESSIONSORCAN WE INTEGRATE OUT N ?

Adhocempiricalapproach:
Anotherapproachis to assignthe two pdfs Em+0î /�� Em+0í ��R å �2/ andtheprior P>+]å �©/ from
whichwecancompute t � +�å � L d�;/e� Em+�í �mR å �2/ P>+]å �;/»a ¯ +�í �;/)� (43)



Heretoo, theexpressionof theposteriorpdf t`+]å � L d�©/ andthusany inferenceabout å �
dependson thechoiceof Em+0î / and P>+]å �2/ .

A questionmayarisehere:
Canwefirst fix P>+]å �;/ andcomputeE ³ � k +]å �;/ anduseit againasaprior in thisBayesian
approach?
Theansweris "No", becauseE ³ � k +]å �;/ is in fact E ³ � k +]å � L	í �©/ anddoingso,we have
usedtwo timesthesamedata í � .

Anotherquestionis how to compareandhow to useE ³ � k +]å � L	í �©/ and t � +�å � L d�2/ ?
My answeris that t�� containsmoreinformationthanthatof E ³ � k , becauseto obtaint � , we combinedinformationaboutboth î � throughEm+0î / and å � throughP>+]å �2/ while to
obtainE ³ � k weusedonly P>+]å �©/ . Indeed,it seemsthattheonly consistentpointestimator
of å � from E ³ � k is its posteriormean,while, thereis notany suchrestrictionon t�� .

(NEEDSMORE CLARIFICATION)

PROBLEM 5

An importantcaseis the onewherewe have only given the meanvalueof the faces
numbers

= � �¬9;�Ë� í ¾ or the more generalcaseof the meanvalue of the numbers
writtenonthefaces

= � ���u9;�m� í withoutany otherknowledgeand,in particular, without
knowing q . Weneedhowever to know

�
.

RememberalsothatE #2! &º� = � �¬9;� andE #A" &�� = � ���>9;� arenot thesame.They
becomeequivalentif

���[� �
.

Thus,weconsiderthecase: ¦ � ���>9;�<� í (44)

andweassumeto know thenumberof states
�

. Theobjective is to find
9;�

.

MaxEnt solution:
Theclassicalanswerto this problemis MaxEntwhichcanbedescribedasfollows:
It is obvious that, thereare infinite numberof possiblesolutionsto the equation(44).
TheMaximumEntropy principlechoosestheonewith thehighestentropyÛ +�s /e�HRÜ¦ � 9;� £}¤ 9;� (45)

Thesolutionhastheform9;� +�ú /e� $ù +]ú / û ô>ü�# R ú ���A&B�:û ôVüº# R + £¥¤ ù +]ú /(§ ú ���;/X& (46)

where ù +�ú /e� ¦ � û ôVü�# R ú ���A& (47)

and ú is thesolutionof thefollowing equationR ¶ £}¤ ù +�ú /�a
¶
ú � í � (48)



whichcanbecomputednumerically.
It is alsoeasyto show thatthemaximumvalueof theentropy isÛML Õ ¿ +�s /e�HRÜ¦ � 9;� £}¤ 9;�[� £}¤ ù +�ú /(§ ú�í � ò5óAôN £}¤ 9;� +]ú / (49)

whichcanalsobewritten ò,óAôN s¬+�ú /e�4û ôVü�# ÛOL Õ ¿ +]s /X&m� (50)

Bayesiansolution:
If we knew q , we could write the expressionof the likelihood *5+�� � íiL�s � q / withí ��= � ��� � � and

= � � �[� q :

*5+�� � íeL	s � q /Q� ��
� � f ¾ *,+6�¡L�s

/ � +0q RT¦ � � �;/ � +�í RT¦ � ��� � �2/ (51)

Wecanalsotry to integrateout q :

*5+�� � íiL	s /e� �¦� f ¾ ��� � f ¾ *5+0�¡L�s / � +�q R ¦ � � �2/ � +�í R ¦ � ��� � �2/ (52)

Thesecomputationsseemto me intractable.In the following, I proposeanotherap-
proach:

Themainideahereis that,we mayaccountfor uncertaintyof this data(in particular,
becausewedo notknow thevalueof q ) by assuming

Em+�íiL	s /e�QP I í R ¦ � ���>9;�O�SR v J (53)

andby arguingon theadditivity andpositivity of s wechooset[+]s /e�:û ôVü�# R¹Û +]s /X& (54)

Then,theposterioris

t`+]s[L í /w�:û ôVüUT R $J R v +�í R ¦ � ����9;�;/ v R�Û +�s /�V (55)

andtheMAP solutionis

² s � arg ò5ø ¤W Ty+�í R ¦ � ����9;�;/ v R Ã Û +]s /XV (56)

with Ã � J R v .



Now, if wechoose
Û +�s /u� = � 9;� £}¤ 9;� thenumericalresultsobtainedby thisapproach

andthetheMaxEntsolutionbecomealmostidentical.However, if we canfix thevalue
of Ã , wehaveaccessto the t[+�s[L	í / whichcontainsmoreinformationthanonly onepoint
estimator.

Combineddata fusion solution:
Assumenow that,not only we have thedata � or � , but also í from previoussection.
How to combinethem.Hereis my solution.

Follow theBayesianapproachof thesections1 or 2 to write down theexpressionof
thea posteriori law£}¤ t[+]s[L � /e� ¦ � � � � £¥¤ 9;�w§ +0q R � ��/ £}¤ +W$ RT9;�;/¨�©§ £}¤ t[+]s /(§«ª (57)

andusetheexpressionof t[+�s[L	í / in equation(55)astheprior t[+]s / here.

PROBLEM 6

Assumenow that, our observer hasrepeatedthe experienceg times,andbeforeeach
experience,he haschangedthe numberswritten on eachface.For example,the first
time,hehaswritten

�����Z�
andfor thesecondexperience

���»�Z� v
. This is alsoequivalent

to theexperimentof using g similar dicewith differentcolorsanddifferentlabelingon
eachfacessimultaneously. Then,hecomputedthenumbers� � o .

But, assumenow that,finally, hegivesusonly themeanvalues Y� o � +W$ a q /O= � � � o orí o � +W$ a q / = � ��� o . Theproblemis similar to thepreviouscase,but herewehave g data:¦ � ��� o 9;�[� í o � r � $ ��������� g (58)

whichcanbewritten ZTs � ï where Z is thematrixwith elements
��� o

. Thus,wehavea
linearsystemof equationswith

�
unknownsand g data.Notethathereweknow exactly

thevalues
��� o

.
If theexperimenterhasmadegoodchoicesfor

��� o
andif g �8� , thenwemayonly try

to solve thatsystemof equationsandobtainanexactsolutionto theproblem.But, what
if g8� � or if theexperimenterhasnot madea goodchoicefor

��� o
, for example,if he

hasnaively wrote
��� o ��� r . In bothcases,thesystemof equationhasaninfinite number

of solutions.

MaxEnt solution:
TheMaxEntapproachis againstraightforwardandthesolutionhastheform9;�[� $ù + ý / û ôVü T RÜ¦ o ú o ��� o V �:û ôVü T R + £¥¤ ù + ý /(§¦ o ú o ��� o / V (59)

where ù + ý /e� ¦ � û ô>ü T RN¦ o ú o ��� o V (60)



and
ý �Ó� ú 
)��������� úuk � is thesolutionof thefollowing equationR ¶ £}¤ ù + ý /�a

¶
ú o � í o (61)

which canbecomputednumerically. It is alsoeasyto show thatthemaximumvalueof
theentropy is ÛML Õ ¿ +]s /e��RN¦ � 9;� £}¤ 9;�[� £}¤ ù +�ú /(§ ý � ï � ò,óAôN £¥¤ s¬+ ý / (62)

whichcanalsobewritten ò,óAôþ s¬+ ý /e�4û ôVü�# ÛOL Õ ¿ +]s /X&m� (63)

Bayesiansolution:
Following thestepsof thesection5, we haveEQ+]ï�L�s /e�QP [ ï R ZTs �SR v0\ (64)

andby arguingon theadditivity andpositivity of s wechooset[+]s /e�:û ôVü�# R¹Û +]s /X& (65)

Then,theposterioris

t[+�s[L	í /e�4û ôVü à�R $J R vE] ï R Z�s ] v R�Û +�s /_^ (66)

andtheMAP solutionis ² s � arg òlø ¤W ÿ ] ï R Z�s ] v R Ã Û +]s / � (67)

with Ã � J R v .
Combineddata fusion solution:
Assumenow that,not only we have thedata � or � , but also ï from previoussection.
How to combinethem.Hereagainwecanfollow theBayesianapproachof thesections
1 or 2 to write down theexpressionof thea posteriori law£}¤ t[+]s[L � /e� ¦ � � � � £¥¤ 9;�w§ +0q R � ��/ £}¤ +W$ RT9;�;/¨�©§ £}¤ t[+]s /(§«ª (68)

andusetheexpressionof t[+�s[L�ï / in equation(66)astheprior t[+]s / here.



PROBLEM 7

Considerthesamepreviousexperiment,but this time, theexperimenteris surethatall
dicewereabsolutelyidenticalandunloaded,but hehasforgottento notethenumbershe
haswrittenonthedicefaces.However, hehasalsonotedthemeanvalues+¨$ a g /O=Óo¨��� o �í � . Canwebeof any helpfor him to find them?

Thus,this time,
9;�[� $ a��«���@� $ �������j�]� andwehave¦ � ��� o 9;�<� +W$ a��Ò/O¦ � ��� o � í o � r � $ �������j� g (69)

andalso +¨$ a g / = o¨��� o � í ��� �y� $ ���������%� .
The problem becomesan interestingone, we want to computethe elementsof a

matrix from its row andcolumnsums.This mathematicalproblemarisein many other
applicationssuchascomputedtomographywherewe want to recover thepixel values
of animagefrom its horizontalandverticalprojections.

Except the caseof
�Ñ� g � J , we have always lessdatathan unknowns and the

problemhasan infinite numberof solutions.Even in the case
�Ñ� g � J wherethe

numberof unknowns and data are equal, the problem is still under-determinedand
has infinite numberof solutions.We needto questionour experimenterto seeif he
can rememberof any other information about thosenumbers(prior information or
constraints?)whichcanbehelpful to givereasonableanswersaboutthis question.

To go further in detailsof this problem,let changeslightly the notations.We want
to estimatethe elements

��� o
of a + � K g / matrix Z from its row sums ` ��� = o¨��� o

and its column size
ª o � = � ��� o . We may also note a ��� ` 
)��������� ` �<� , b ���{ª;
)���������%ª k � ,ï � � a Ú b � and � a vector containingall the elementsof the matrix Z concatenated

columnby column.Then,it is easyto seethatwe canalsowrite b �dc«
 � , a �ecNv �
andthus ï �fc � where

c�

,
cNv

and
c

are,respectively, a + � K � g / , a +0g K � g / anda+�+ �H§ g / K � g / matriceswith
c½�hg cNvcNvOi andwhoseelementsarecomposedof zeros

andones.
Now, we considertwo setsof answersof our experimenter:thosewho put determin-

istic constraintson
��� o

andthosewhoput probabilisticconstraints.

Deterministic constraints:

•
��� o �Z���

. Then,wehave ` � � g ��� andwehaveauniquesolution
���¬� ` �;a g subject

to theconditionthat
= � ���`� � k = � ` �[��ª o � r � $ ��������� g .

•
��� o �Z� o

. Then,we have
ª o �:��� o

andwe havea uniquesolution
� o ��ª o a��

subject
to theconditionthat

=Óo � o � k� =Óo ª o � ` ��� �y� $ ���������]� .
•
��� o ���
 � ��vkj . Then,wehave ` �Q�Ò��
 � = o¨��vkj and

ª o �Ò��vkj = � ��
 � andwehave
��
 � _ ` �and

��v j _ ª o
. Therestill remainstwo unknowns

= o¨��v j
and
= � ��
 � . However, if

�(
 �and
��v j

arenormalized,thenwehaveauniquesolution.
•
��� o

arenormalizedasthey representa probability distribution:
= � ��� o � =Óo ��� o �= � =Óo¨��� o � $ . This information is not enoughto find a uniquesolution. That

becomestrueif
��� o

is separableasin previouscase.



•
��� o

arenormalizedasthey representa probability distribution:
= � ��� o � = o���� o �= � =Óo ��� o � $ and and are distributed as uniformly as possible over the

grid #V+ �7� r /)�%��� $ ���������%�«� r � $ ��������� g & .
This information may be enoughto find a solution if it exists, by maximizingÛ + � /[�cRN= F � F £}¤ � F subjectto the dataconstraint

c � � ï and the normaliza-
tion constraint

= F � F � $ . Then the solution is given by � � 
� À þ Á û ô>ü�# c � ý &where
ý

is the solutionof
R ¶ £¥¤ ù + ý /�a

¶
ú�F � íAF which canalsobe computedby²ý � arg òlø ¤>þ�ÿ �+ ý /e� £}¤ ù + ý /V§ ý � ï � . Unfortunately, thereis not anexplicit ex-

pressionfor thissolution,but it is by constructionpositive + � F _4û ô>ü�# �lc � ý � F &�/ and
satisfiesthedataandnormalizationconstraintsfor any correctdatasets.Notealso
that this solution is not a linear function of the data.Thereis only onequestion
remaining:Is thereany othercriteria

Û + � / whichcangive thesesatisfactions?
To givea partialanswerto this question,we maysaythatany convex criterioncan
beusedto find auniquesolution.For example,

Û + � /e��= F � vF � ] � ] v whichgives
the minimum norm (generalizedinverse)solution � �ec Ø ï which becomes� �c � + cmc � / �u
 ï if

cmc �
wasinvertible.Notethat this solutionis a linearfunctionof

thedata,but, thiscriteriondoesnotguarantythepositivity of thesolution.Another
exampleis

Û + � /�� = F £}¤ � F which givesthesolutionof the form
� F � 
n o�p þ_q r but,

this criterion doesnot guarantyneitherthe positivity nor the boundednessof the
solution.Onecanfind otherconvex criteria(seenext section).

Probabililistic constraints:

• Weknow that � x 
 andthatwegenerated� accordingto areferencemeasureP�+ � /
over 
 suchthatE�)# � &º� � ¾ . Now, again,we canusetheME tool andsearchforEm+ � / suchthat

c
Eõ # � &¹� ï andminimizes

� gº+ßE � P / . We know that the solution
is Em+ � /¬� 
� À þ P>+ � /Aû ôVü ÿ(ý�� c � � � where

ý
is the solutionof

R ¶ £}¤ ù + ý /�a
¶
ú�F � í�F

whichcanalsobecomputedby ²ý � arg òlø ¤>þ ÿ �«+ ý /e� £}¤ ù + ý /V§ ý � ï � andfinally,
thesolution ²� � Eõ # � & canbecomputedby ²� � arg ò5ø ¤ oEs fut�# Û + � � � ¾ & . However,
aswediscussedit before,theexpressionof

Û
dependson thechoiceP>+ � / :

For 
 a closedset of real numbersand P>+ � / Gaussian,we have
Û + � � � À ¾ Á /��] � R � ¾ ] v and

for for 
 a closedsetof realnumbersand P�+ � / a Lebesguemeasureon 
 , we haveÛ + � � � À ¾ Á /e�:Æwv ` � + � � � ¾ /e�HR = F £}¤ + � F a�� ¾ r /V§ + � F R�� ¾ r / and,finally,
for 
 a closedsetof integer numbersand P>+ � / Poissonian,we have

Û + � � � À ¾ Á /¬�� gº+ � � � ¾ /e� = F � F £¥¤ + � F aA� ¾ r /(§ + � F RN� ¾ r / .
This discussionshows a relation betweenthe classicalME approachof the last
sectionandtheME in themeanasis presentedhere.Evenif here,wehaveatool to
derive theexpressionof theneededconvex criterion,still an arbitraryremainson
thechoiceof 
 andthereferencemeasureP>+ � / .

• Each element
��� o

has beengeneratedindependentlyusing a Gaussianrandom
numbergenerator:

��� o�x P + �7� ú / .
• Each element

��� o
has beengeneratedindependentlyusing a Gaussianrandom

numbergenerator:
��� o�x P +�r � ú / .



• Two setsof numbers
��
 � and

��v j
have beengeneratedusinga Gaussianrandom

numbergenerator
�(
 � x P + �7� ú 
W/ and

��v j x P +�r � ú v/ , thennormalizedandpoint-
wiselymultiplied:

��� o �4��
 � ��v j .• Eachelement
��� o

hasbeengeneratedindependentlyusinga randomnumbergen-
erator. We considerthreeinterestingcases:

��� oyx P +]ú � $ / , ��� oyx P +]ú � ú / and��� o�x ðN+�ú / .
• The element

��
 o �0���)
����
 k �0�O�<
 have beengeneratedindependentlyusinga random
numbergenerator

P + zV� $ / , but othersaregeneratedby
��� o�x P +&Y��� o � $ / where Y��� o �
Ì � ���)�u
kz o §T���{z o �u
^§T��� Ø 
kz o §T����z o Ø 
]� .

Let consideronly the caseof independentGaussian
��� o<x P +]ú � ú / and

��� o<x ðN+�ú /
wherewemaybeableto doall thecomputations.

Gaussiancase:
��� o�x P +�ú � ú / :Em+ ��� o /e� + $JAtQú /}|Ï û ôVü à R $JOú + ��� o R ú / v ^ R7· £¥¤ Em+ ��� o /e��R $J�ú � + ��� o R ú / v § £¥¤ +]J�t /¨���� o�x P +�ú � ú /� ` �[� ¦ o ��� o}x P +~` � L	g[ú � g[ú /)� ª o � ¦ � ��� o}x P + ª o L � ú �%� ú /)�

Em+~a /e� � � P +�` � L g[ú � g<ú /e� + $JAtQg /�� Ï û ôVü T R $J�g[ú ¦ � +~` �mR g<ú / v V
Em+�b /e� � o P + ª o L � ú �%�Ò/Q� + $JAt � /�� Ï û ôVüwT R $J � ú ¦ o + ª o R�� ú / v V

Em+ ��� o L a � b � ú /Ñ_ *,+ ��� o � a � bwL�ú /e�:û ô>ü à R $JOú + ��� o R ú / v ^K û ôVüUT R $J�g[ú ¦ � +~` �QR g[ú / v V K û ôVüwT R $J � ú ¦ o + ª o R�� ú / v V_ û ôVüUT R $JOú�� + ��� o R ú / v § $� ¦ � +~` �QR g[ú / v § $g ¦ o + ª o RT� ú / v�� V
with ` �[� ¦ o ��� o and

ª o � ¦ � ��� o
It is theneasilyseenthatEm+ ��� o L a � b � ú /Ý_ û ô>ü à�R $JOú�� + ��� o /_^

with � + ��� o /Ý� + ��� o R ú / v § $� ¦ � + ¦ o ��� o R g[ú / v § $g ¦ o + ¦ � ��� o R�� ú / v



is Gaussianandwecaneasilycomputeits meanandvariance.To obtainthemeanvalues,
wecancomputethederivativeof� � + ��� o R ú / v § $� ¦ � +~` �mR g[ú / v § $g ¦ o + ª o R�� ú / v
which is ¶ � a ¶ ��� o � J�+ ��� o R ú /V§ J� ¦ � +~` �mR g<ú /(§ Jg ¦ o + ª o R�� ú /
andequalit to zeroto obtain��� o � ú R $� ¦ � +~` �mR g[ú /ÈR $g ¦ o + ª o RT� ú /Q� úm+W$ § g §«�Ò/ÈR1� $� ¦ � ` �i§ $g ¦ o ª o �

(70)
This resultis interesting,because


� = � ` �È§ 
k = o�ª o is whatis calledthebackprojection
in computedtomography.

We cangeneralizetheseresults,if we work with the vectors� , a ��c�
 � , b ��cNv �
and ï �Ó� a b �V�Ó� c«
c�v � � �	c � :
� x P + � ¾ �����C/� ï x P + c � ¾ �kcm����c � /� g � ï i x P �Ug � ¾c � ¾ i �:g ���cm��� ����c �cm����c � iu�
andthus� L�ï x P + ²� � ²���©/)� with

à ²� � � ¾ §�����c � + c�����c � / Ø +�ï R�c � ¾ /²���`�����wR����(c � + cm����c � / Ø c����
where + cm����c � / Ø is the generalizedinverseof

c����{c �
. Note that when

c�����c �
is

invertible,wehave ²� �	c �u
 ï and ²��� �:z . For theparticularcaseof
��� � úy� wehaveà ²� � � ¾ §�c � + cmc � / Ø +�ï R�c � ¾ /²��� � ú»+~� R�c � + cmc � / Ø c�/ (71)

andfor theparticularcaseof
c � g c«
c�v i wehave

cmc � � g c«
�c � 
c�v0c � 
 c�
�c � vcNv�c � v i � g � �� �g�� i ,

where
�

is a matrix with all its elementsequalto 1. We maynotethat
cmc �

is singular
andits rank is

�á§ g R $ . We canhowever computenumerically ²� and ²��� . Notealso
that,evenif a priori

��� o
wereindependent,a posteriorithey arecorrelated.



Poissoncase:
��� o�x ðN+�ú / :*,+ ��� o /e� ú � � j û ôVü�# R ú &wa + ��� o � /�R7· £¥¤ *5+ ��� o /e� + £}¤ ú /¨��� o R £}¤ + ��� o � /uR ú��� o}x ðN+�ú /� ` �[� ¦ o ��� o}x ðÜ+�g[ú /)� ª o � ¦ � ��� o�x ðÜ+ � ú /)�

*,+�a /w� � � +0g[ú /k� � û ôVü�# R g[ú &ia +~` � � /� *5+Sb /i� � o + � ú /�� j û ôVü�# R¹� ú &ea + ª o � /
*5+ ��� o L a � b � ú /Ý_ +�ú / � � j a + ��� o � /K � � +�g[ú /k� � a +�` � � / K � o + � ú /�� j a + ª o � /

with ` �[� ¦ o ��� o and
ª o ��¦ � ��� o

It is thenpossibleto show that *5+ ��� o L a � b � ú / is alsoa Poissonlaw, but it is not easyto
find anexplicite expressionfor its meanvalue.However, usingagaintheStriling formula
whenworkingwith

£¥¤ *,+ ��� o L a � b � ú / onecanobtainapproximateexpressionfor it*5+ ��� o L¸# �����*�f ��z o �,�f o &�� a � b � ú /e� ðÜ+]úm+W$ § g û ôVü�# ª o &Q§«��û ôVü�#_` �A&�/�/
andthuswe have

E # ��� o L¸# �����*�f ��z o �,�f o &�� a � b � ú & � úm+W$ § g û ô>ü�# ª o &Q§«�.û ôVü�#_` ��&�/� � g[úm+W$ a + � g /V§ +¨$ a��Ò/�û ô>ü�# ª o &Q§ +W$ a g /�û ôVü�#_` ��&�/)�
This is interesting,because+W$ a��Ò/Aû ôVü�# ª o &m§ +¨$ a g /�û ôVü�#C` �A& correspondsto thefamous
backprojectionoperationin computedtomography.



CONCLUSIONS

This paperwasanotheranalysisof dice problemstrying to answersomeof the ques-
tions about the situationswherewe can usethe Bayesianor the Maximum Entropy
approaches.Throughthis paper, we distinguishedthreeapproaches:Bayesian,classical
MaxEnt andMaxEnt on the mean.I showed someof the situationswherewe canuse
theseapproaches.

The Bayesianapproachcan be usedwhen we can write explicitely a probabilistic
model relating the data to the unknown parametersfrom which we can deducethe
expressionof the likelihood and can assignan a priori law to thoseparameters,we
can then usethe Bayesianapproachto computethe a posteriori from which we can
infer abouttheparameters.

TheclassicalMaxEntcanbeusedin caseswherewe have a setof datawhich canbe
consideredaslinearconstraintsonasetof parameterswhicharethemselvesaprobability
distribution.ThentheclassicalMaxEntgive thepossibility to find a uniquesolutionto
theunderdeterminedproblem.

TheMaxEnton themeancanbeusedin caseswherewehaveasetof datawhichcan
beconsideredaslinearconstraintson theexpectedvaluesof a setof parameterswhich
aretheelementsof a convex seton which we candefinea referencemeasure.Then,we
canusetheMaxEnton themeanapproachto computeaprobabilitylaw on thatsetsuch
thattheexpectedvaluesof theparameterssatisfyexactly thedata.Wecanthencompute
thoseexpectedvalueswhichdependonthechoiceof thereferencemeasure.Weshowed
alsothattherearestrongrelationbetweenthetwo MaxEntapproaches.

In somecases,it mayhappensthatwe have both themomentdataandthesampling
data.Then we can first use the MaxEnt approachto assignthe prior law using the
momentdataand then useit with the likelihood to computethe a posteriori law of
theparametersfrom whichwecaninfer aboutthem.

Finally, evenif I tried to answerto someof thequestions,I alsoaskedmorequestions
to beanswered.We thusstill have a lot to do with all thethreeapproaches.However, it
seemsthatfor practicalapplicationstheBayesianapproachseemsto betheright andthe
easiestone.
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